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FOREWORD 


This  t vo -volume  set  is  the  result  of  an  investigation  done  over 
the  past  several  years  on  basic  properties  of  Strip  Transmission 
line.  The  available  literature  on  the  subject  is  scattered  through¬ 
out  various  periodicals,  Government  reports,  unpublished  theses  and 
private  communications  between  individuals.  In  many  cases  the  theo¬ 
retical  developments  are  somewhat  obscure  and  lack  experimental  veri¬ 
fication.  It  was  the  purpose  of  this  work  to  pull  all  basic  information 
on  Stripline  together  in  one  place,  clarifying  theoretical  developments 
where  necessary  and  experimentally  verifying  theory  where  no  previous 
experimental  work  had  been  done.  At  the  same  time  obvious  extensions 
to  theoretical  derivations  were  made  to  produce  new  results. 

The  investigation  was  done  with  three  groups  of  people  in  mind. 
Those  individuals  who  desire  only  to  design  Stripline  components  and 
are  not  concerned  with  the  theory  may  use  the  design  charts  which  are 
provided  with  examples  on  their  use  in  each  chapter.  People  somewhat 
interested  in  the  theory  but  not  interested  in  detail  may  peruse  the 
main  text  in  addition  to  the  design  charts,  finally,  those  desiring 
detail  may  refer  to  the  Appendices  in  addition  to  the  main  text. 

This  work  has  been  previously  circulated  on  an  individual  chapter 
basis.  This  approach  was  taken  to  circulate  the  information  as  it  was 
compiled,  thereby  making  it  immediately  available  to  any  interested 
user.  While  a  conscientious  effort  has  been  made  to  keep  errors  to  a 
minimum,  some  will  undoubtedly  result.  The  author  will  be  indebted  to 
those  bringing  any  such  errors  to  his  attention  and  will  appreciate 
any  comments  regarding  the  work. 


ABSTRACT 


Stripline  components  for  high  speed  logic  are  compared  to  their 
equivalent  waveguide  components  with  respect  to  size  and  cost.  A 
survey  is  then  made  of  papers  written  on  Characteristic  Impedance. 
Cohn's  derivation  is  chosen  and  developed  since  it  is  the  most  widely 
accepted  in  the  literature.  Expressions  are  derived  for  impedances 
in  the  high  and  low  ranges  through  the  use  of  the  Schwartz -Chris toff el 
Transformation  and  the  results  expressed  in  easily  used  graphical 
form.  Experimental  verification  of  the  theoretical  equations  is  made. 

Impedance  measurements  in  Stripline  at  microwave  frequencies 
require  the  use  of  a  slotted  line.  Since  slotted  lines  in  Stripline 
were  not  commercially  available  until  recently,  it  was  either  necessary 
to  build  a  laboratory  model  in  Stripline  or  to  use  a  coaxial  slotted 
line  and  a  transition  to  Stripline.  Since  commercial  coaxial 
Slotted  Lines  are  readily  available  and  a  Stripline  laboratory  model 
vould  be  expensive  and  time  consuming  to  produce,  it  was  decided 
that  the  coaxial  slotted  line  with  its  attendant  transition  was  the 
best  approach.  It  is  in  this  transition  that  the  problem  arises.  The 
junction  introduces  a  discontinuity  which  must  be  taken  into  account. 

By  making  the  rather  good  approximation  that  the  junction  is  lossless, 
a  bilinear  transformation  may  be  used  to  relate  the  two  sides  of  the 
junction.  A  theoretical  derivation  is  made  and  an  example  worked  to 
illustrate  the  practical  aspects  of  the  solution.  It  was  found  that. 


while  this  method  cannot  be  used  to  find  the  Characteristic  Impedance 
of  Stripline,  if  the  Characteristic  Impedance  is  known,  the  impedance 
of  any  unknown  Stipline  load  can  be  found. 

The  history  of  work  done  on  Stripline  attenuation  is  discussed. 
Cohn’s  ^  analysis  is  accepted  as  the  most  desirable  for  engineering 
use  since  his  results  are  expressed  in  a  convenient  graphical  form. 
Following  Cohn,  the  attenuation  is  expressed  as  the  sum  of  dielectric 
attenuation  and  conductor  attenuation.  Working  expressions  are 
developed  for  dielectric  and  conductor  attenuation,  the  "incremental 
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Inductance"  rule  of  Wheeler"3  being  used  to  determine  conductor 

attenuation.  The  results  are  shown  in  easy-to-use  graphical  form. 

Experimental  verification  of  Stripline  attenuation  is  shown  using  a 

Stripline  Spiral.  Good  correlation  is  obtained  between  measured  and 

theoretical  values  of  attenuation  up  to  3»5  Kmc.  It  is  believed  that 

the  discrepancy  above  3*5  Kmc  is  due  to  an  increase  in  loss  tangent 

and  a  decrease  in  dielectric  constant  above  this  frequency. 

A  transfer  function  for  Stripline  is  found  using  standard 

transmission  line  formulation.  This  transfer  function  is  broken 

into  two  parts,  dielectric  response  and  skin  effect  response.  A  set 

of  curves  is  given  for  dielectric  response.  Skin  effect  response  is 

46 

found  from  the  curves  in  an  article  by  Wigington  and  Nahman  which  is 
included  as  an  Appendix.  Finally,  a  practical  example  is  worked 
demonstrating  the  use  of  the  analysis.  Comparison  of  the  results  of 
this  example  with  those  determined  experimentally  shows  good  correlation. 
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CHAPTER  I 


INTRODUCTION 

As  man  endeavors  to  delve  further  and  further  into  the 
realm  of  the  unknown,  his  problems  become  more  and  more  complex. 
The  invention  of  the  electronic  computer  has  greatly  aided 
this  quest  for  knowledge  in  that  it  enables  problems  that 
would  have  taken  a  lifetime  using  antiquated  methods  to  be 
solved  in  a  short  length  of  time.  Computing  speed  has  gradually 
been  increased  in  order  to  handle  extremely  complex  problems  in 
a  reasonable  length  of  time. 

Of  course  there  are  many  problems  whose  answers  would 
be  useless  if  not  obtainable  in  a  specified  length  of  time. 

This  type  of  problem  dictates  the  realization  of  even  faster 
computing  speeds  than  are  now  available.  Here  lies  the 
problem.  Existing  lumped  constant  systems  are  limited  in 
their  upper  operating  frequencies  by  the  stray  capacitance 
and  inductance  associated  with  them. 

The  logical  question  asked  at  this  point  then; 

"Why  not  U3e  standard  microwave  techniques  to  build  a 
computer?".  The  question  is  easily  answered  by  two 
considerations;  Size  and  cost.  A  simple  example  will 
serve  to  show  how  bulky  even  the  simplest  waveguide 
computer  would  be.  Suppose  a  computer  having  a  carrier 
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frequency  of  3  kmc  is  made  of  1000  logical  elements,  the 
logical  elements  being  Magic  T*s.  A  rough  calculation  shpws 
that  the  logical  elements  and  their  associated  interconnections 
exclusive  of  power  supplies,  signal  generators  etc.  would 
require  a  room  of  1000  cubic  feet  (see  Appendix  l).  Consider¬ 
ing  the  logical  element  to  be  made  up  of  one  Magic  Tee  and 
a  small  amount  of  flexible  waveguide  or  coaxiable  cable  as 
required  by  the  logical  configuration,  the  cost  of  1,000 
elements  would  be  roughly  $160,000  plus  the  cost  of  connecting 
sections.  These  simple  examples  serve  to  show  the  inadvisability 
of  attempting  to  build  a  computer  out  of  waveguide. 

Once  a  computer  built  of  waveguide  components  has  been 
ruled  out,  the  reader  will  undoubtedly  ask,  "Why  not  build 
it  out  of  some  configuration  of  coaxial  and  multiple  wire 
transmission  line?". 

In  the  first  place,  the  author  has  never  heard  of 
logical  elements  made  of  coaxial  or  wire  transmission  lines. 

However,  even  assuming  that  such  logical  elements  could  be 
made,  the  bulk  of  the  resulting  computer  would  be  prohibitive. 

Admittedly  its  cost  would  be  considerably  less  than  that  of 
a  microwave  computer. 

How  then  are  we  to  build  a  computer  operating  at  microwave  4 

frequencies?  The  answer  lies  in  a  new  type  of  transmission 
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line  called  strip  transmission  line.  Two  basic  types  of  strip 
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transmission  line  exist;  the  so  called  "Microstrip",  vhich 
consists  of  a  strip  conductor  over  a  single  ground  p3  ne, 
and  the  type  consisting  of  a  strip  placed  symmetrically 
between  two  ground  planes.  This  latter  type  is  variously 
termed  as  "Stripline",  "Tri -Plate",  balanced  strip  line, 
shielded  strip  line,  etc.  In  this  paper  it  will  be  re¬ 
ferred  to  as  "Stripline". 

While  both  "Microstrip"  and  "Stripline"  possess  merit, 
the  latter  type  is  in  more  popular  demand  due  to  its  lower 
loss  and  smaller  stray  coupling  as  compared  to  "Micros trip". 
These  considerations  indicate  a  greater  versatility  of 
application  for  "stripline"  and  lead  to  the  conclusion 
that  for  our  purposes  only  "Stripline"  need  be  considered. 
All  analysis  therefore,  will  be  done  in  terms  of  the 
"Stripline"  configuration.  "Microstrip"  will  not  be 
considered  further.  Figures  1-1  and  1-2  show  the  physical 
configurations  of  "Microstrip"  and  "Stripline"  respectively. 


Fig  1-1  "Microstrip  Cross  Section" 
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£  Pig  1-2  "Stripline  Cross  Section" 

5 

The  explanation  for  the  continuing  interest  in  "Stripline" 

I'  lies  in  its  advantages  over  coaxial  and  waveguide  construction, 

notably  savings  in  production  cost,  in  weight  and  volume  and 
in  time  and  expense  in  the  development  of  new  circuits. 

However  certain  disadvantages  exist  also.  The  principal  of 
these  are:  (l)  an  apparent  unsuitability  for  long  runs  of 
line;  (2)  a  higher  attenuation,  lower  resonant  Q  and  lower 
power  capacity  than  waveguide  (although  the  parameters  are 
at  least  comparable  to  those  of  coaxial  line);  (3)  a  dependence 
upon  dielectric  materials  for  dimensional  stability  and 
strength  and  (4)  a  partial  loss  of  constructional  advantages 
in  the  case  of  circuits  that  cannot  be  reduced  to  planar  form. 

For  many  circuit  applications  these  disadvantages  are  un- 

i 

important  and  are  far  outweighed  by  the  advantages.  Also  each 
disadvantage  can  be  minimized  through  careful  design  procedure.  j 
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The  manufacture  of  11 S tripline"  is  well  suited  to  printed 
circuit  techniques  such  as  photo-etching  o?  copper  foil 
laminated  on  a  dielectric  surface.  As  such  it  hears  all  of 
the  advantages  of  printed  circuits,  i.e.  ease  of  repro- 
ducability,  low  cost  and  small  size. 

A  comparison  of  a  1000  logical  element  computer  made  of 
waveguide  and  of  "Stripline"  is  in  order.  The  cost  of  our 
1000  element  "Stripline"  computer  would  be  in  the  neighbor¬ 
hood  of  $1^700  plus  connecting  sections  as  opposed  to  $1’'*0,000 
plus  connecting  sections  for  waveguide  (see  Appendix  l).  If 
the  1,000  logical  elements  in  the  waveguide  example  were  made 
of  "Stripline"  the  resulting  volume  would  be  only  1.95  cu.  ft. 
as  compared  to  1,000  cu.  ft.  for  waveguide. 

Logical  elements  are  realized  by  printing  hybrid  rings 
and  using  them  to  perform  the  logical  functions.  To  realize 
a  given  logical  configuration  then,  say  an  adder,  we  would 
(l)  draw  the  circuits;  (2)  wake  a  drawing  and  photograph  it 
to  get  a  negative;  (3)  reduce  the  negative  to  the  required 
size;  (J!-)  print  two  double  clad  boards  on  one  side  and  (5) 
attach  connectors  and  bolt  the  boards  together  with  their 
printed  sides  facing  each  other. 

T.  ■'  previous  paragraphs  have  shown  that  "Stripline" 
could  indeed  be  used  to  construct  a  practical  computer 
operating  at  microwave  frequencies.  The  following  chapters 
of  this  report  will  therefore  concern  themselves  with  the 
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basic  characteristics  of  "Stripline"  such  as  characteristic 
impedance,  attenuation,  transient  response,  etc.  in  order 
that  we  may  exploit  "Stripline"  to  build  an  operating  device. 
A  second  report  will  be  written  describing  the  logical 
design  of  a  toy  computer. 


CHAPTER  II 


DETERMINATION  OP  STRIPLINE  CHARACTERISTIC  IMPEDANCE 

A.  History. 

Close  examination  of  the  literature  discloses  that 

several  articles  concerning  strip  transmission  lines  have 

been  written.  In  the  opinion  of  the  author  the  article 
2 

done  by  Oliner  is  by  far  the  best.  As  a  result  the  past 
history  of  Characteristic  Impedance  analysis  as  done  in 
this  paper  is  essentially  that  of  Oliner. 

Most  of  the  people  engaged  in  theoretical  work  on 
symmetric  strip  lines  have  in  one  way  or  another  been 
concerned  with  the  determination  of  suitable  expressions 
for  its  Characteristic  Impedance.  While  it  is  almost 
impossible  to  include  the  contributions  of  everyone  in¬ 
volved,  the  discussion  below  is  felt  to  be  fairly  inclusive 
and  typical  of  the  different  methods  of  approach  that  have 
been  used.  The  earlier  efforts  on  this  topic  dealt  with 
expressions  for  zero -thickness  center  strips  while  the 
later  investigations  were  concerned  with  strips  of  finite 
thickness . 
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Since  the  dominant  mode  in  symmetrical  strip  line  is  a 
HIM  mode,  the  field  distribution  in  the  transverse  plane  is 
a  static  one,  and  the  Characteristic  Impedance  follows  directly 
from  the  knowledge  of  the  static  capacity  of  the  line.  This 
point  was  recognized  by  all  investigators. 

For  zero-thickness  center  strips,  pioneer  work  was 

3 

conducted  by  Barrett  foi  the  low  impedance  range,  which 
corresponds  to  lines  for  which  the  strip  width  is  greater 
than  one-half  the  ground  plane  spacing.  He  considered  the 
line  cross-section  to  be  made  up  of  a  parallel -plate  region 
in  the  center  and  fringing  capacities  at  the  sides,  and  on 
this  basis  derived  a  simple  and  useful  expression.  At  the 

time  he  was  unaware  of  a  rigorous  solution  for  zero -thickness 

4 

strips  by  Oberhettinger  and  Magnus,  which  is  based  on  a  con¬ 
formal  mapping  and  is  valid  for  any  ratio  of  strip  width  to 
ground  plane  spacing.  Hayt^has  more  recently  considered  the 
effect  of  finite  width  ground  planes.  He  obtained  a  rigorous 
solution  via  conformal  mapping  procedures  for  ground  planes 
of  finite  width  in  which  the  center  strip  and  the  ground  planes 
are  all  of  zero -thickness,  and  he  concluded  that  for  the  line 
dimensions  employed  in  practice  the  assumption  of  infinite 
width  ground  planes  introduces  negligible  error. 

A  variety  of  approximate  expressions  has  been  obtained 

for  lines  with  center  strips  of  finite  thickness.  The  first 

£ 

of  these  expressions,  historically,  was  deduced  by  Begovich, 


9 


\ 

who  followed  the  lead  of  Barretfhut  employed  the  fringing 
capacity  appropriate  to  a  strip  of  finite  thickness.  HMle 
such  a  procedure  would  yield  an  expression  suitable  for  the 
low  impedance  range,  his  result  is  of  questionable  value  be¬ 
cause  the  fringing  capacity  employed  was  given  in  a  very 

slowly  convergent  form.  The  next  contribution  along  these 

Y  3  9 

lines  was  due  to  Cohn 'and  Oliner,  J  working  independently 
but  arriving  at  identical  results.  These  results  apply 
separately  to  the  low  impedance  and  the  high  impedance 
ranges,  and  very  satisfactorily  overlap  in  the  inter¬ 
mediate  region  (strip  width  to  ground  plane  spacing  ratio 
approximately  equal  to  O.35).  The  expression  for  the  low 
impedance  range  is  that  of  Begovich^  except  for  the  use  of 
a  fringing  capacity  which  is  exact  and  explicit.  The 
expression  for  the  high  impedance  range  was  based  upon  a 
far  field  equivalence  between  a  rectangular  and  circular 
cylinder.  These  points  are  elaborated  upon  somewhat  below. 

Approximate  expressions  for  lines  of  finite  thickness 
center  strips  were  also  derived  by  Pease}0  following  a 
suggestion  of  Wheeler.  Their  results  yield  rigorous  upper 
and  lower  bounds  for  Characteristic  Impedance,  and  an 
approximate  expression  which  lies  between  these  bounds.  The 
results  are  best  applicable  to  the  low  impedance  range. 

Pease  and  Mingins^  have  also  derived  a  "universal"  expression 
which  is  a  composite  of  simpler  ones  applicable  only  to 
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special  ranges  of  line  dimensions.  Their  composite  expression 

yields  the  Characteristic  Impedance  to  a  high  degree  of 

accuracy,  and  is  valid  for  a  center  conductor  of  arbitrary, 

12 

but  rectangular,  aspect  ratio.  Skiles  and  Higgins  have 
also  developed  an  approximate  procedure  for  the  case  of 
arbitrary  but  rectangular  aspect  ratio;  their  method  is 
capable  of  arbitrarily  high  accuracy  if  the  procedure  is 
carried  out  far  enough. 

Several  rigorous  solutions  have  also  been  derived  for 

lines  with  center  conductors  of  finite  thickness.  An 

13 

expression  due  to  Greenhill  has  long  been  in  the  literature, 

but  it  is  in  implicit  form  and  is  not  amenable  to  calculation. 
l4 

Becovich  has  derived  a  rigorous  result  which  is  expressible 

as  the  sum  of  a  parallel  plate  term,  a  fringing  capacity 

term,  and  correction  terms.  He  proceeded  by  breaking  up  the 

cross-section  into  elementary  regions,  solving  Laplace's 

equation  in  each  region  separately,  and  then  matching  the 

solutions  across  the  respective  boundaries.  The  infinite 

set  of  equations  obtained  thereby  was  then  solved  and  the 

solution  case  into  the  above-mentioned  form.  A  rigorous 

solution,  obtained  via  conformal  mapping  procedures,  has 

15 

also  been  derived  by  Snow.  Although  his  result  is  in  implicit 
form,  numerical  results  may  readily  be  obtained  from  it. 

His  result  has  not  been  published,  however,  but  remains  in 
his  unpublished  notes.  A  recent  sulution,  due  to  Bates}^ 
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has  also  been  derived  by  conformal  napping  methods.  It  is 
also  in  implicit  form,  and  readily  yields  numerical  results. 

B.  Recommended  Approach. 

In  the  opinion  of  the  writer,  the  solutions  of  Cohn 
serve  as  the  most  practical  expressions  available  for  the 
Characteristic  Impedance  of  lines  with  center  conductors 
of  finite  thickness,  since  the  expressions  are  simple  in  form 
and  are  rather  accurate  (about  2$  at  worst).  In  addition, 

Cohn's  published  curves^  are  in  very  useful  form.  In  order 
that  the  reader  may  understand  Cohn's  derivation,  it  is 
included  in  this  paper.  Cohn's  derivation  is  divided  into 
two  parts,  namely  (l)  the  low  impedance  range  and  (2)  the 
high  impedance  range.  Each  case  will  be  discussed  in 
general  terms  in  the  text  in  order  to  satisfy  the  casual 
reader.  If  rigor  is  desired,  the  complete  mathematical 
analysis  will  be  found  in  the  Appendices.  An  Appendix 
containing  an  abbreviated  discussion  of  Theory  of  A  Complex 
Variable  is  included  for  the  reader  who  may  need  a  short 
review  of  complex  variable  theory  before  attempting  to 
understand  the  Characteristic  Impedance  derivation. 

C.  Derivation  of  Characteristic  Impedance  in  the  low  Range. 

The  treatment  of  the  low  impedance  range  parallels 

that  of  Barrett^  and  Begovich'f  and  proceeds  as  shown  in  Fig  2  -1. 
The  actual  line  cross-section  of  Fig  2 -la  is  regarded  as  composed 
of  a  central  parallel  plate  region  with  fringing  capacity  at 
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the  sides.  A  knowledge  of  this  fringing  capacity  permits 
the  construction  of  the  equivalent  structure  of  Fig  2 -lb, 
which  is  a  parallel  plate  line  of  width  D.  The  expression 
for  D  in  terms  of  the  parameters  of  the  line  of  Fig  2-la  is 
given  in  Appendix  IV. 
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(a)  (h) 

Fig  2-1  Treatment  of  the  low  ZQ  Range 


The  general  development  procedure  has  been  described 
in  the  above  paragraph.  Let  us  now  consider  it  in  some  detail. 

Stripline,  like  coaxial  and  transmission  line  operates 
in  the  TEM  mode.  This  mode  is  characterized  by  the  property 
that  the  electromagnetic  waves  contain  neither  electric  nor 
magnetic  fields  in  the  direction  of  propagation.  Since 
electric  and  magnetic  field  lines  both  lie  entirely  in  the 
transverse  plane,  these  may  be  called  transverse  electro¬ 
magnetic  waves  (abbreviated  1EM). 

The  above  explanation  of  the  TEM  mode  of  propagation 
will  probably  satisfy  the  casual  reader  but  if  more  rigor 


Is  desired  Appendix  II  may  be  consulted.  This  Appendix 
contains  a  mathematical  derivation  of  the  IEM  mode  be- 
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ginning  with  such  basic  relations  as  the  circuital  law 
of  magnetism  and  Faraday's  lav  and  concludes  with  Laplace's 
equation.  Since  Laplace's  equation  has  a  static  solution, 
we  may  conclude  that  the  IEM  mode  is  exactly  a  static 
distribution  and  analyze  it  as  such.  The  equations  for 
Characteristic  Impedance,  velocity  of  propagation  etc. 
are  therefore  the  same  as  these  for  any  standard 
transmission  line.  The  well  known  expression  for 
Characteristic  Impedance  in  Transmission  line  theory  is: 


Z  A./  L/C 
o  v  ' 


(2-1) 


Where: 


L  equals  inductance/unit  length 
and 

C  equals  capacitance  per  unit  length 
The  velocity  of  propagation  of  the  principal  mode  is  given 


oy 


/ 


LC 


(2-2) 


Solving  (2-1 )  and  (2-2)  simultaneously 


but 


c\P€o 


vC 


(2-3) 

(2-4) 


lU 


where:  p  *  magnetic  permeability  (Equals  1  for  air  and 

most  dielectrics). 

€  »  permittivity  of  the  medium. 

v  ■  velocity  in  the  medium  with  properties 
p  and  e 

and 

c  «  the  velocity  of  light 

g 

«  3  ^  1°  meters/see 


therefore : 


r 

- - 

3  x  10  C 


(2-5) 


To  find  ZQ  we  must  now  develop  an  expression  for  C. 

Knowing  this  quantity  we  can  also  find  attenuation  and 

power  handling  capabilities  as  will  be  seen  later. 

In  the  finding  of  the  correct  value  ol'  capacitance 

to  use  in  formula  (2-5),  it  will  be  necessary  to  perform 

a  Schwarz-Christoffel  mapping  in  the  complex  plane.  Such 

a  mapping  requires  a  knowledge  of  Theory  of  a  Complex 

Variable  for  an  understanding  of  the  procedure.  A  short 

review  of  complex  variable  theory  and  the  theory  of  the 

Schwartz-Christoffel  transformation  is  included  as 

Appendix  III.  Such  a  review  should  be  sufficient  for 

the  reader  already  somewhat  familiar  with  this  theory. 

The  reader  who  is  not  familiar  with  complex  variables  is 

referred  to  the  many  excellent  texts  on  the  subject,  of 
17  l8  10 

which  Churchill,  Ahlfors",  or  Guillemin,  are  best  in  the 


author' s  opinion. 
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Consider  the  cross-section  of  Stripline  as  shown 
in  Pig  2-2  . 
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Pig  2-2  Cross  Section  of  "Stripline"  used  for 
Capacitance  Calculations 


As  can  be  seen  by  inspection,  the  capacity  of  the 
Stripliue  configuration  i3  essentially  that  of  two  parallel 
plate  capacitors  connected  in  parallel  plus  a  correction  for 
fringing  capacitance  Cf'.  The  parallel  plate  capacitance  for 
Stripline  is  derived  in  Appendix  IV.  The  result  may  be 
used  to  compute  Characteristic  Impedance  up  to  25  ohms  and  is: 
4  x  io1,r  (  - rr  — )  (2-6) 


pp 


b-t 


where 

w  *  Center  conductor  strip  width-cm 
b  *  Ground  plane  spacing  -  cm 
t  »  Plate  Thickness  -  cm 
€  ■  Dielectric  Constant 

T 

0^^*  Parallel  Plate  Capacitance  -  f/cm 
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Above  25  ohms  we  must  add  a  term  for  fringing  capacitance 

to  C  .  The  total  capacitance  per  unit  length  of  line  is  then: 
PP 


C„  »  C  +  C  ’ 
tp  pp  f 


(2-7) 


where 


C^,’  «  f  (v,  “)  (Fringing  field  capacitance  in  f/cm) 

C,  »  Total  capacitance  per  unit  length  of  line 
tp 


Equation  (2-6)  then  becomes: 

C+  «  4  x  10-1'1  (  8,842  €rw  +  Cf») 
T,p  “  b-t 


(2-8) 


Inserting  the  results  of  equation  (2-8)  into  equation  (2-3) 
there  is  obtained: 


Equation  (2-9)  is  precisely  Cohn’s  result  and  is  in  a 
convenient  working  form. 

Before  equation  (2-9)  is  of  any  use  to  us,  we  must 
find  an  expression  for  the  fringing  capacitance  Cf ‘ •  This 
required  expression  is  obtained  through  the  use  of  a 
Schwarz-Christoffel  mapping  in  the  complex  plane.  The 
essential  procedure  is  described  in  the  introduction  to  this 
section  i.e.  finding  an  equivalent  Stripline  structure 
which  takes  into  account  fringi'i^  capacitance  and  can  therefore 
be  treated  as  an  ideal  parallel  plate  capacitor.  The  author 
has  performed  this  mapping  to  check  the  results  given  in  the 


literature . 
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The  results  check  those  given  by  Cohn  and  can  be 
conveniently  expressed  in  working  form  as: 

V  ■ -£  ( <-rrT7b>  la  <  r^t7b  * 15 

n 

-  (  11_  -1)  In  (  _ 1  _  -1)  )  im£/cm  (2-10) 

(1  -  t/b  f 

D.  Determination  of  Characteristic  Impedance  in  the  High  Range. 

In  the  high  impedance  range,  the  atrip  width  is  small 

compared  to  the  ground  plane  spacing,  as  shown  in  Fig  2-3a, 

and  the  approximation  employed  assumes  that  the  ground  planes 

are  far  away  from  the  center  strip.  As  a  result,  one  can 

employ  a  far  field  equivalence  between  the  actual  rectangular 

center  conductor  and  a  circular  or  a  zero -thickness  strip 

center  conductor,  as  indicated  in  Fig  2-3b.  The  insertion 

of  this  equivalence  into  the  known  expressions  for  the 

Characteristic  Impedance  of  a  round  conductor  between  ground 

planes,  or  a  stripline  with  a  zero -thickness  center  conductor, 

yields  expressions  simple  in  form  for  the  high  impedance 

range.  While  only  the  equivalence  to  a  round  conductor  is 

7 

employed  in  Cohn’s  curves,  the  equivalence  to  a  zero-thickness 

8 

strip  yields  a  result  of  high  accuracy  for  very  thin  center 

22 

strips.  It  has  also  been  recognized  by  Pease  that  the 
Characteristic  Impedance  in  the  high  range  of  the  line 
possessing  a  rectangular  center  conductor  lies  between  that 
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of  the  lines  with  a  flat  center  strip  placed  horizontally 
and  that  with  a  similar  strip  placed  vertically.  The 
situation  is  illustrated  by  Fig  2-3c.  Since  the  Characteristic 
Impedances  ZQ'  and  Z^"  of  Fig  2 -3c  are  known,  this  recognition 
makes  available  upper  and  lower  bounds  on  the  result  of  interest. 


CD 


(o) 


Z'0  >  Z0  >  Zq 

(c) 


□  i  o  -  - 

(b) 


Fir;  2-3  Treatment  of  the  high  Zq  range 

Examination  of  the  literature  shows  Cohn's  results  to  be 

the  most  widely  accepted.  As  a  result,  the  derivation 

Riven  here  will  be  essentially  that  of  Cohn. 

The  Characteristic  Impedance  of  a  transmission  line 

consisting  of  a  circular  conductor  of  diameter  d  centered 

o 

between  two  parallel  ground  planes  is  well  known.  It  was 

23 

derived  by  Frankcl  in  I9-:  3  and  as  it  has  stood  the  test 
of  time,  its  derivation  will  not  be  included  here;  only 
the  result  will  be  stated.  It  is: 


19 


z 


(2-11) 


where  the  parameters  are  as  shown  in  Fig  2 -4a.  Fig  2-^b 
is  the  familiar  cross  section  of  "Stripline"  which  is 
repeated  here  for  convenience.  As  shown  in  Fig  2-3  and 
discussed  in  the  beginning  of  this  section,  if  "d^  is 


Fig  2~!:  Center  Conductors  of  Small  Cross  Section  Yielding 
Equivalent  Characteristic  Impedance 

small  compared  to  "b",  we  can  find  an  equivalence  between 
round  and  rectangular  cross  sections  via  the  Schwarz - 
Christoff el  Transformation  and  then  use  equation  (2-ll)» 

This  mapping  between  rectangular  and  circular  cross  section 

24 

has  been  performed  by  Flammer  and  is  included  as  Appendix.  V. 
The  results  are  given  in  Graphical  form  and  are  shown  as 
Fig  2-p.  When  Fig  2-5  is  used  in  conjunction  with  equation 
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(2-ll),  the  accuracy  increases  as  dQ+  0.  However  comparison 
with  a  more  precise  analysis  by  Wholey  and  Eldred*"^  shows 
equation  ( 2 -11 )  to  be  accurate  to  within  one  per  cent  for  d^ 
as  large  a3  b fl. 

E.  Comparison  with  an  E::act  Case. 


The  accuracy  of  equation 
tested  by  comparing  .-hem  t..  an 
Ob crhet tinker  r.nd  lii.gnus  whin! 


(2-0 )  and  (2-ll)  my  be 
enact  solution  pi von  by 
h  i.s  vaJid  for  t  =  0.  Their 


resu.'i  t  is 


z  =  30  «  h(h) 


(2-1::) 


where  IC(h)  and  K(h')  are  complete  elliptic  integral s  of 
the  first  kind  and  where 


seeh 


JtW 

•7t> 


lc'=  tonii 


jtw 


d\) 


Fig  2-3  shows  a  comparison  of  equations  (2-S'),  (2-11 )  and 
(.:-!:).  The  maximum  error  occurs  at  v/b  =  0.39  where  (2-9) 
and  (2-11 )  intersect  and  is  only  1.2  per  cent.  At  w/b  »  0.2 
and  0.9,  the  error  is  reduced  to  0.4  per  cent  while  for 
looser  and  greater  w/b,  the  error  rapidly  approaches  aero. 

Similar  plots  of  (2-9)  and  (:i-ll)  have  been  made  for 
strips  having  t/b  up  to  0.2>,  and  in  all  cases,  the  curves 
tend  to  merge  together  at  least  as  well  as  in  Fig  2-3 , 
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As  one  would  expect  from  a  consideration  of  fringing -field 
interaction,  the  intersection  of  the  curves  remains  very- 
near  the  same  value  of  w/(b-t)  =  O.35.  A  study  of  flux 
plots  for  t  »  0  and  t  >  0  leads  one  to  believe  that  the 
error  at  the  intersection  point  will  be  no  greater  in 
the  latter  case  than  in  the  former,  and  very  likely  will 
be  smaller.  Hence  the  proper  use  of  (2-9)  and  (2-ll)  in 
their  assigned  parameter  ranges  is  believed  to  result  in 
an  error  of  no  more  than  1.2  per  cent  near  w/(b-t)  »  0.33, 
and  considerably  less  at  other  values  of  v/(b-t). 

F.  Graphical  Presentation  of  ZQ. 

In  Fig  2-7,  a  family  of  curves  are  plotted  versus  v/b 
with  t/b  as  parameter.  The  curve  for  t/b  s  0  is  exact,  the 
points  having  been  computed  from  (2-12).  The  other  curves 
are  computed  from  (2-9)  and  (2-ll).  Equation  (2-9)  was  used 
for  w/(b-t)  >  C.33  and  (2-13.)  for  w/(b-t)  <  O.35.  It  is 
seen  that  the  effect  of  thicluiess  on  the  characteristic 
impedance  is  substantial,  even  for  thicknesses  only  a  few 
per  cent  of  the  plate  spacing. 

G.  Conclusions. 

Two  simple  formulas  and  auxiliary  curves  are  presented 
for  the  characteristic  impedance  of  the  shielded  stripline. 

By  moans  of  these  formulas,  accuracy  sufficient  for  any 
engineering  purpose  is  obtainable  for  all  strip  widths  and 
for  thicknesses  up  to  at  least  a  quarter  of  the  plate  spacing. 
Fig  2-7  displays  the  characteristic  impedance  in  a  form  that 
should  be  parti culorly  useful  to  the  design  engineer. 
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H.  Characteristic  Impedance  Measurement. 

1.  Theory. 

Much  time  has  been  spent  in  the  theoretical 
development  of  expressions  for  the  Characteristic  Impedance 
of  Stripline.  This  investigation  resulted  in  two  equations. 
The  first  applies  when  the  condition  >  0.  '->5  is  met  and  is 


The  second  equation  applies  when  <  0.35  and  was  given  as 


„  CO  .  !rt>  , 

Z  =  — —  In  — r  ohms 
or  nd 

V  €  O 

r 


(1-11) 


Let  us  examine  equations  (2-9)  and  (2-ll)  tc  see  hew 
Characteristic  Impedance  may  be  measured  in  order  to  de¬ 
termine  the  validity  cf  the  theoretical  development.  Vfe 
see  that  if  samples  of  Stripline  were  built  using  two  double 
clad  boards ,  the  thickness  of  the  center  strip  (t)  and  the 
distance  between  ground  plar.es  (b)  would  be  fixed,  as  would 
tiie  dielectric  constant  and  the  fringing  capacitances 
(assuming  the  ground  plane  is  at  least  eight  times  wider 
than  the  center  strip).  The  only  variable  is  then  the 
strip  width  (w). 


•  4 


l 


i 

i 

j 

i 

j 


i 

i 

1 


i 


26 


2.  Hardware. 

In  line  with  this  reasoning,  a  number  of  Stripline 
samples  were  built  having  various  strip  widths.  The  boards 
were  double  clad  with  two  ounce  copper  having  an  average  thick¬ 
ness  of  2.7  mils.  Since  two  of  these  boards  are  placed  back- 
to-back,  the  thickness  of  the  center  strip  was  5*4  mils. 

The  dielectric  material  goes  under  the  trade  name  of  "Dilectro" 
or  "GB  112  T"  and  was  made  by  Continental  Diamond  Fiber  Co. 

It  has  a  dielectric  constant  of  2.73  and  has  an  average  thick- 
nese  of  57  oils.  Consideration  of  the  cross  section  of 
Stripline  then  shows  that  the  distance  between  ground  planes 
is  119  mils.  The  strip  width  (w)  was  determined  by  using 
the  average  of  five  readings  made  through  the  use  of  a 
measuring  device  accurate  to  0.1  mil.  The  Cf*  term  is  a 
function  only  of  t  and  b  and  can  be  determined  from  the 
results  of  Appendix  IV  (i.e.  Fig  A4-7).  Thus  all  the  para¬ 
meters  in  equation  (2-9)  are  known.  In  equation  (2-ll), 
the  quantity  dQ  must  be  determined.  Knowing  w  and  t  and 
using  Fig  2-5,  dQ  is  easily  found.  The  resulting  Character¬ 
istic  Impedances  for  the  various  strip  widths  as  calculated 
from  equation  (2-9)  and  (2-ll)  are  shown  in  the  second 
colum  of  Table  2-1  and  as  the  broken  line  on  Fig  2-9. 


3*  Measurement  Technique. 

We  now  know  what  that  Characteristic  Impedance  of 
the  Stripline  samples  should  he.  The  question  now  is, 

"How  do  we  measure  it?"  Consider  equation  (2-5)  which  was 


Equation  (2-5)  has  t wo  unkno^ms,  '/e ,  and  the  capacitance  C. 

The  dielectric  constant  is  given  in  most  handbooks  and  for 
GB  112  T  is  2.73*  Since  the  initial  uses  of  Stripline  will 
be  at  3  kmc,  it  would  be  desirable  to  make  Characteristic 
Impedance  measurements  at  that  frequency.  However,  to  the 
authors'  knowledge,  the  best  RF  bridges  have  a  cut  off 
frequency  of  100  me.  It  \m.s  therefore  desirable  to  make'  the 
measurements  at  a  relatively  low  frequency  and  extrapolate 
the  answer  to  3  kmc.  Discussions  between  the  author  and 
the  Bureau  of  Standards  indicated  that  the  dielectric 
constant  is  unchanged  at  frequencies  below  20  kmc  and  perhaps 
30  l-:mc.  Two  bridges  were  obtained;  a  Model  B  801  Wayne  Kerr 
V.H.F.  Admittance  Bridge  usable  in  the  frequency  range  1  to 
100  megacycles  and  a  Model  B  601  R.  F.  Impedance  Bridge 
usable  in  the  frequency  range  15  kilocycles  to  5  megacycles. 

The  Model  B  801  Bridge  had  an  accuracy  of  +  2  per  cent  +0.5  \m? 
while  the  Model  B  601  has  on  accuracy  of  +  1  per  cent. 

*There  seems  to  be  some  disagreement  on  this  point  (see  Wild  et  al 

"Handbook  of  Triplate  Microwave  Components",  Sanders  Associates  Inc. 

195-%  page  134). 
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Measurements  were  made  on  various  components  in  the  overlapping 
frequency  range.  Agreement  was  found  to  be  good.  Further 
experiment  with  the  Model  E  801  showed  it  to  be  inaccurate 
at  frequencies  above  50  megacycles.  Since  the  Model  B  301 
has  a  finer  vernier  scale,  it  was  deciced  to  use  it  at  a  fre¬ 
quency  of  5  megacycles  and  checl:  the  results  with  the  Model 
B  601. 

Source  cf  Error . 

Several  difficulties  were  encountered.  For  the 
lengths  of  Stripline  used, narrow  strip  widths  resulted  in 
low  values  of  capacitances  as  can  be  seen  by  reference  to 
column  l.i. ve  of  Table  2-1.  Since  the  accuracy  of  the  Model 
B  801  is  +  d.  percent  +  0.5  and  the  null  was  not  deter¬ 
minable  to  more  than  +  1  |tpf ,  it  can  be  seen  that  the  read¬ 
ing  could  be  1.5  w-if  off  quite  easily.  For  large  values- of 
capacitance  (wide  strips),  ouis  error  is  small,  but  it  be¬ 
comes  significant  for  narrow  strip  width  and  is  believed  to 
account  for  at  least  a  part  of  the  deviation  between  theoreti¬ 
cal  and  measured  values  of  Characteristic  Impedance.  Other 
sources  of  error  arise  from  tl  fact  that  averages  were 
\ised  for  t,  b,  w  and  the  dielectric  constant  . 

5 •  Step -oy -Step  Measurement  Procedure. 

This  test  set  up  is  show  in  Tig  2-8. 
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Fie:  2-0  Test  Set  Up  for  Measurement  of  Stri:  line  Capacity 

The  oscillator  and  oscilloscope  were  allowed  to  warm  up.  The 
bridge  wa3  then  balanced  with  no  load  attached.  The  short 
piece  of  coaxial  cable  ar.cl  the  coaxial  cable  to  Stripline 
junction  having  a  short  section  of  Stripline  attached  were 
then  attached  to  the  bridge  and  a  measurement  made.  Finally 
the  length  of  Stripline  to  be  measured  was  attached  and  a 
measurement  made.  The  difference  between  the  two  measure¬ 
ments  .  ..£  the  capacity  of  the  section  of  Stripline.  ICnowing 
the  length  of  the  measured  section,  the  per  unit  capacitance 
was  obtained.  The  Characteristic  Impedance  was  then  cal¬ 
culated  through  the  use  of  equation  (2-5).  The  results 
are  expressed  in  tabular  form  as  Table  2-1  and  in  graphical 
form  as  Fig  2-9. 
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TABLE  2-1 

* 

■i 


MEASUREMENT  OF  STRIPLINE  CHARACTERISTIC  IMPEDANCE 


STRIP  WIDTH 

(INCHES) 

CALCULATED 

CHARACTERISTIC 

IMPEDANCE 

(OHMS) 

CALCULATED 

CAPACITANCE  per 
UNIT  LENGTH 

/cm 

MEASURED 

CAFACITANCE  per 

UNIT  LENGTH 
PM-f /cm 

MEASURED 

CHARACTERISTIC 

IMPEDANCE 

(ohms) 

0.0121 

98.5 

0.553 

0.558 

101.  „ 

0.0228 

79.  v 

0.693 

O.698 

79.8 

0.0279 

74.5 

0.734 

0.744 

75. C 

0.0293 

73.5 

0.749 

0.743 

74.4 

0.0365 

71.0 

0.776 

0.772 

71.0 

0.0456 

62.1 

O.885 

0.900 

61.0 

0.0471 

61.2 

0.902 

O.878 

62.7 

0.0516 

58.6 

0.938 

0.922 

60.0 

0.1204 

36.2 

1.50 

1.51 

36.2 

0.1441 

32.0 

1.71 

1.78 

30.9 

0.1462 

31.7 

1.74 

1.88 

29.2 

0.2453 

20.9 

2.64 

2.47 

22.4 

0.2947 

18.4 

2.94 

2.74 

20.1 

O.3468 

lo.O 

3.41 

3.25 

17.0 

0.3974 

14.5 

3.76 

3.69 

14.9 

0.4955 

11.7 

4.71 

4.54 

12.1 

0.5976 

9.9 

5.54 

5.39 

10.2 

0.7954 

7-6 

6.34 

6.76 

8.1 
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CHAPTER  III 


measurement  op  unknown  stripline  loads  through  a  junction 

A.  Impedance. 

1.  The  Problem. 

Measurement  of  Impedance  at  Microwave  frequencies 
is  commonly  performed  through  the  use  of  a  slotted  line. 

While  there  are  commercially  available  coaxial  and  waveguide 
slotted  lines,  none  exists  for  the  measurement  of  Stripline. 
Several  laboratory  models  Lave  appeared  in  the  litereature 
but  the  expense  of  manufacture  is  not  justified  in  light  of 
an  existing  method  of  measurement  utilizing  a  coaxial  slotted 
line. 

When  a  coaxial  slotted  line  ie  used,  the  problem 
becomes  one  of  measuring  through  a  Junction.  The  junction 
in  question  of  course  is  the  transition  between  coaxial  line 
and  the  section  of  Stripline  to  be  measured.  The  parameters 
measured  with  the  slotted  line  are  those  on  the  coaxial  side 
of  the  junction.  However,  we  are  interested  not  in  the  coaxial 
aide  of  the  Junction,  but  in  the  Stripline  side  of  the  junction. 
The  question  to  be  answered  is  then  "Knowing  the  parameters 
in  the  coaxial  side  of  tin  junction,  how  can  we  find  the  same 
parameters  ia  the  Stripline  side  of  the  junction? The  ensvex 
to  this  question  lies  in  a  conformal  transformation  between  vhe 
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two  sides  of  the  junction.  In  the  sections  to  follow,  this 
transformation  will  he  developed  and  the  results  used  to 
measure  impedance  of  an  unknown  load  in  Stripline. 

2.  Transformation  of  the  Smith  Chart  Through  Lossless 
27 

Junctions. 

a.  The  Smith  Chart:  Derivation  of  Loci  of  Constant 
Normalized  Resistance  and  Reactance. 

The  Smith  Chart  is  a  coordinate  system  repre¬ 
senting  reflection  coefficient  as  a  complex  variable. 

For  a  reflection  coefficient  of  constant 
amplitude  and  varying  phase,  the  plot  is  a  circle  centered 
at  the  origin.  The  angle  subtended  by  the  radius  vector  to 
a  point  on  the  circle  and  a  reference  axis  through  the  origin 
of  the  diagram  represents  the  phase  angle  of  the  reflection 
coefficient.  One  complete  rotation  about  the  origin  repre¬ 
sents  a  distance  of  one -half  wavelength. 

The  circle  representing  unit -amplitude  re¬ 
flection  contains  the  entire  diagram.  The  general  equation 
of  circles  of  constant -amplitude  reflection  coefficient  is 
written  in  the  notation  of  complex  variables  as 

PP  *»  fc2  (3-1) 

where: 

p  *  Complex  reflection  coefficient  in  Plane  1. 

p  *  Complex  conjugate  of  p 

k  «  radius  when  vector  p  varies  in  such  a  manner 
as  to  describe  a  circle  (<  l) 
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A  few  words  are  necessary  concerning  "planes" 

1  and  2  which  will  be  referred  to  in  this  paper.  Since  any 
microwave  circuit  is  one  having  distributed  parameters,  it  is 
not  possible  to  pick  up  two  pair  of  leads  and  specify  them  as 
input  and  output  ports.  We  therefore  establish  our  input  and 
output  ports  by  means  of  planes  and  attempt  to  find  an  equiv¬ 
alent  circuit  for  the  microv/ave  configuration  between  these 
planes.  We  shall  define  plane  1  as  the  reference  plane  on  the 
Stripline  side  of  the  junction  and  plane  2  as  the  reference 
plane  in  the  coaxial  side  of  the  junction.  Figure  3-1  illus¬ 
trates  reference  planes  1  and  2. 


PLANE  2  PLANE  I 


Fig  3-1  Definition  cf  Reference  Planes  1  and  2 

Voltage  Standing  Wave  Ratio  is  related  to  p 
by  the  expression 

V.S.W.R,  - 

1  -  V  pp 


(3-2) 
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The  radial  line  representing  reflection 
coefficients  of  constant  phase  and  varying  amplitude  may  be 
written  in  the  form 


-£-*  1  (1  represents  length,  not 

o  the  number  one) 


(3-3) 


If  p  is  to  be  written  in  the  form 


p  ■  v  pp  € 


(3-4) 


I  i 

sn  * 

J 


1  « 


(3-5) 


The  normalized  impedance  z  at  any  plane 
in  a  transmission  line  is  related  to  the  reflection  co¬ 
efficient  at  the  plane  by 


l+o 

z  m  - - 

1  -  P 


(3-6) 


Now  z  may  be  written  as 
z  m  r  +  J  x 


(3-7) 


where 


z  ■  normalized  impedance  at  any  plane 
r  ■  normalized  resistance  at  any  plane 
x  ■  normalized  reactance  at  any  plane 


If  equation  (3-6)  has  its  numerator  and  denominator 
multiplied  by  (l-p)  and  the  result  split  into  its  real  and  imaginary 


s2**«  rr«r*'-..'V.  ''^r.'  ?  ~  ‘*&£^2&3&m&mm»m£sr x~ 


part 8,  we  can  identify  the  real  and  imaginary  parts  of 
equation  (3-6)  with  r  and  x  respect '*' t result  is: 


1  ■  PP 

1  +  PP  -P  -P 


(3-8) 


1  +  PP  -P  -P 


Equation  (3-8)  may  be  rearranged  to  read 


(3-9) 


-  r  r  -  x-rj 

pp  “  ler  p  1+r  p  “  (14*1 


(3-10) 


The  general  equation  of  the  circle  described  by  the  vector 
p  measured  from  the  origin,  having  radius  k  with  center 
displaced  from  the  origin  by  the  vector  a  is 


(p  -  a)  (  p  -  a  )  *  kc 


(3-11) 
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If  equation  (3-10)  is  compared  to  equation  (3-ll) 
and  r  is  assumed  constant,  we  can  see  that  equation  (3-10) 


represents  a  circle  for  which 


(3-12) 


(3-13) 
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In  a  similar  manner  equation  (3-9)  nay  be  rearranged  to  read 
P  P  -  (1  -  J/x)  p  -  (1  «•  j/x)  p  4-  1  -  0  (3-14) 

If  x  is  assumed  constant  and  equation  (3-14) 
is  compared  to  equation  (3-H),  we  see  that  (3-14)  represents 
a  circle  for  which 

a  *  1  ♦  t)/x  (3-19) 

k  *  1/x  (3-16) 

Equation  (3-10)  and  (3-14)  thus  represent  the  familiar 
circles  of  constant  r  and  constant  x  that  are  found  on  any 
Smith  Chart. 

b .  Transformation  of  Circles  of  Constant  VtS.VI.R. 

It  is  well  known  that  the  reflection  coefficients 
of  any  two  planes  in  a  transmission  line  ore  bilinear  functions, 
related  by  an  equation  of  the  general  form 


op  +  b 
0  u  -c —  — — 

cp  +  1 


or 


p  « 


-o  +  b 
cc  -  a 


(3-17) 


where 

p  ■  Complex  reflection  coefficient  in  Plane  1. 
c  *  Complex  reflection  coefficient  in  Plane  2. 
a,b,c  »  complex  constants 


Utilising  equation  (3-17)#  the  relation  (3-l)  may  be 


written: 


— . f  AT^S-^f3grS~J'J  iBEBBMgag^f  - 


(:<L±*)  * 

Vco  -  ay  V55  .  a' 


(3-18) 


Rearranging  equation  (3-18)  Into  the  torn  of  equation  ( 3-U), 
there  results 


oo-o 


-  2  -  2- 
/  b  -  k  ac  \  /  b  -  k  ac  \ 

0  \  1  -  k&  cc  )  "a  \  1  -  k2  cc  )  ^3“19^ 

.o 

x  1  -  1:  ’  cc  ' 


From  the  discussion  pertinent  to  equation  (3-H),  we  see 
that  equation  (3-19)  is  a  circle  displaced  from  the  origin. 

If  A  represents  the  vector  by  which  the  center  of  this  circle 
is  displaced  from  the  origin  and  K  represents  the  radius,  then 


b  -  k  ac 
1  -  k2  cc 


r»  u  -  (i£..--4-°g  ) 

x  1  -  k  cc  ' 


(3-20) 


(3-21) 


The  conditions  for  which  equation  (3-20)  and  (3-21)  are 

solved  are:  (l)  The  transforming  section  is  lossless 

and  is  specified  in  terms  of  the  reflection 
coefficient  at  one  plane  under  conditions 
which  give  a  match  at  the  other. 

(2)  The  reference  planes  are  "corresponding 
planes",  i.e.  an  open  circuit  at  the  one 
gives  an  open  circuit  at  the  other. 


i 
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According  to  condition  one  the  transforming 
section  is  lossless.  This  implies  that  with  a  purely  re¬ 
active  termination  of  the  line,  the  modulus  of  the  reflection 
coefficient  is  unity  at  all  planes,  i.e. 


k  -  l 
K  -  1 
A  «  0 

Substituting  the  values  (3-22) 
that 

b  «  ac 

therefore 

b  ■  ac 


(3-22) 

into  equation  (3-20)  we  find 

(3-23) 

(3-24) 


Condition  two  states  that  the  reference 
planes  are  chosen  such  that  an  open  circuit  at  one  plane 
gives  and  open  circuit  at  the  other,  i.e. 
p  -  1 

when 

ami  (3-25) 

Using  the  values  (3-25)  in  equation  (3-17)  we  find  that 


a  +  b  «  c  +  1 


(3-26) 


So 


(3)  The  transforming  section  is  specified  in 
terns  of  the  reflection  at  tfie  one  plane 
under  conditions  which  give  a  match  at  the 
other*  i.e.  the  value  of  o  corresponding 
top  »  0  is  known.  The  substitution  of  p  *  0 
into  equation  (3-17)  gives  a  «  b.  Thus  b  and  b 
are  known  constants.  The  point  whose  affix 
is  b  is  called  the  iconocenter. 

Let  us  now  evaluate  equation  (3-20)  in  light 
of  the  two  specified  conditions.  Substitute  (3-23)  in  equation 
(3-20)  obtaining 


A  « 


b  (1  -  k^] 
1  -  k2  cc 


(3-27) 


Solving  equation  (3-23)  for"a"and  substituting  the  result 
into  equation  (3-26),  we  get 


b  (1  +  )  »  c  +  1 

cc 


1  -  b 


cc 


(3-28) 


(3-29) 


Multiplying  equation  (3-28)  and  (3-29)  together  and  simplifying, 
there  results: 


(l  ♦  bb)  cc  +  bo  ■  0 


which  can  be  factored  to  yield 


hh 

Therefore 

ee  -  1  (3-31) 

or 

cc  »  bb  (3-32) 

Ip  equation  (3-3l)  is  substituted  into  equation  (3-27)>  the 
result  is  A  ■  b,  which  is  the  solution  for  0*0.  The  general 
solution  for  cc  is  equation  (3“3--).  If  equation  (3-32)  is 
substituted  into  equation  (3-27),  we  get  the  desired  result 
vhicli  is 


A  * 


b  (l  -  l:2) 
1  -  k2  bb 


(3-33) 


We  now  wish  to  evaluate  equation  (3-21)  which 
is  repeated  here  for  convenience.  It  is 

(3-21) 


k2«  AA 


( bb  -  k2  e&\ 


E:uaaination  of  this  equation  shows  us  that  aa  is  the  only 
unknown.  Remembering  that  with  a  purely  reactive  termination 
cc  ■  bb  (3-32) 

K»1  (3-22) 

A  ■  0 
k  «  1 

we  find  upon  substitution  of  these  values  into  equation 
(3-21)  that 


aa  »  1 


(3-34) 
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Since  all  the  parameters  of  equation  (3-2l)  are  now  known 
we  may  substitute  and  simply  obtaining  as  a  final  result 

K  . k- (1 ;  (3-35) 

1  -  k  bb 

Circles  representing  constant  V.S.W.R.  may  thus  be  transferred 
from  the  p  do  the  a  planes  by  means  of  equation  (3-33)  and 
(3-35). 

c.  Transformation  of  Lines  of  Constant  Phase  Angles* 
Substitution  of  equation  (3-1?)  into  equation 
(3-3)  (Jives  the  equation  of  the  loci  in  the  a  plane  of  the 
radial  lines  in  the  p  plane  which  represent  reflection  co¬ 
efficient  of  constant  plies e  and  varying  amplitude. 

(£H)  (ftf)  -1  <3-*> 

Equation  (3-36)  mey  be  rearranged  into  the  form  of  equation 
(3-ll),  yielding  the  form 

♦  )  -  0  (3 -Jrt 

'  lc  -  c  ' 


It  may  be  sho\/n  that  the  coefficient  for  o  and  a  are  conjugate 
terms,  so  that  equation  (3-37)  represents  a  circle  for  which 


(3-38) 


(3-39) 


where  K  and  A  are  the  symbols  identified  with  equation  (3-20). 

Let  us  proceed  to  put  equation  (3-38)  and  (3-39) 
into  a  more  usable  form.  Equation  (3-23)  stated: 

a  *  b/c  (3.23) 

and  relation  (3-20)  was 

a  +  b  *=  c  *  1  (3-26) 

Also  equation  (3-32)  was  civen  as 

cc  *  bb  (3-32) 

If  equations  (3-23)  aad  (3-32)  are  substituted  into  (3-2 6)  and 

the  result  solved  for  c,  ve  ^et 


c 


(l-b) 


Hence 

c 

(l-b) 


We  recall  that  equation  (3-38)  was 
.  la  -be 


(3J»0) 


(3-’a) 


lc  -  c 


(3-38) 


If  equation  (3-23),  (3-'!0)  and  (3-41)  are  substituted  in 
equation  (3-38)  for  a,  c  and  c  respectively  ve  get  our 
desired  result  which  is 


A  e 


1  (l-b)“  -bf  (l-b)" 
lb(l-b)'  -b  (1-bT 


(3-42) 


To  put  equation  (3-3?)  into  the  desired  f ' na,  substitute 
values  of  A,  a,  c,  and  c  as  given  by  equations  (3— *«■!), 
(3-23)>  (3-4l),  and  (3-40)  respectively  and  realize  that 

li  *  1  (3-43) 


The  result  is  then 


K  « 


(l-bb) 


(3-») 


The  radial  lines  representing  constant  phase  angle  in  the 
p  plane  my  thus  be  transform!  into  corresponding  circular 
tracts  in  the  a  plane  by  weans  of  equations  (3-43)  and  (3-44). 
Since  the  radial  lines  in  the  p  plane  all  pass  through  the 
origin,  it  follows  that  the  family  of  circles  represented  by 
equation  (3-37)  all  pass  through  the  iconocen+er,  as  may  be 
shotra  by  substituting  o  «  b  in  equation  (3-37). 

d.  Transformation  of  Circles  of  Constant  Resistance 
and  Reactance . 


The  fonu  of  equation  (3-6)  indicates  that  the 
normalized  impedance  and  reflection  coefficient  at  any  plane 


ii  a 


are  bilinearly  related,  and  since  p  and  c  are  bilinear 
functions,  so  are  z.  and  z,  (where  z,  and  z0  are  the  normal 
ized  impedance  at  planes  1  and  2  respectively).  We  may 
therefore  state 


z, 


O  2X  +  3 

r  z1+  1 


(3Ji5) 


where 

<X}  P,  and  y  are,  in  general  complex  constants. 

According  to  our  previously  stated  conditions 
(following  equation  ( 3-dl) ),  p  *  1  when  o  =  1.  Equation 
(3-o)  i3  repeated  for  convenience  and  is 


1  -  p 

Thus  vhen  p  «  1,  z  «  <».  Since  a  ■  1  when  p  *  1,  it  follows 
that  when  z^  *  «,  z0  *=  »♦  This  implies  that  y  »  0  in  equation 
(3-4<j).  Therefore  z0  is  a  linear  function  of  z  ,  i.e. 

z  *  a  zl  +  p  (3-46) 

When  z^  is  purely  imaginary,  z^  is  also  purely  imaginary 
since  we  have  assumed  the  Junction  to  be  lossless  (condition 
l).  This  implies  in  equation  (3-46)  that  O  is  real  and  P 
ip.  imaginary. 
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Condition  three  stated  that  the  junction 
would  be  characterized  by  measuring  the  reflection  co¬ 
efficient  at  plane  2  when  plane  1  is  matches  to  its 
Characteristic  Impedance.  We  define 

*12  *  r12  +  3  *12  <3^7) 

(where  z^OJ  r^0  and  x.  n  are  normalized  to  plane  2) 
as  the  impedance  seen  from  the  co;u:ial  side  of  the 
junction  (plane  2)  when  the  Stripline  side  of  the  junction 
(plane  l)  is  terminated  in  its  Characteristic  Impedance 
(z^  *  l).  When  becomes  equal  to  1,  equation  (3-^0  is 

r12  *  j  :c12  “  ♦  JP  (3-W) 

Equation  (3-'i-6)  may  then  be  written  as 

*2  *  r12  21  +  3  *12  (3-49) 


z2‘  a12 


Therefore 


O!  m  r. 


12 


0  -  j  x 


12 


Solving  equation  (3-^9)  for  z^,  we  may  write 
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(3-50) 


where: 

Z-, 


“2 


12 


x12 


J01 


J02 


impedance  at  plane  1 
impedance  at  plane  2 

Real  part  of  impedance  seen  at  plane  2  with 
plane  1  terminated  in  its  Characteristic  Impedance 

(p  ■  o) 

Imaginary  part  of  impedance  seen  at  plane  2  with 
plane  1  terminated  in  to  Characteristic  Impedance 
(p  *  0) 

Characteristic  Impedance  -  plane  1 
Characteristic  Impedance  -  plane  2 


» -i 


if 


Equation  (3-50)  shows  us  that  if  we  know  r^2 
and  x^2  as  well  as  the  impedance  of  the  unknown  load  as  seen 
on  the  coaxial  side  of  the  junction  (plane  2)  and  the  Charac¬ 
teristic  Impedance  of  both  sides  of  the  junction,  we  may  find 
the  value  of  the  unknown  z^.  z^0  *  r^g  ♦  j  x^  is  known  as 

the  "iconccenter"  and  may  he  found  by  a  graphical  procedure 
to  he  described. 


B.  Determination  of  Unknown  Impedance. 

1.  The  Problem. 

The  original  purpose  of  this  paper  vas  to  describe 

a  measurement  technique  for  the  Characteristic  Impedance  of 

Stripline.  It  was  thought  that  at  any  given  point  in  the 

Stripline,  the  open  circuit  and  short  circuit  impedance 

z  «  and  z  „  could  be  measured  on  the  coaxial  side  of  the 
op2  s2 

junction,  transformed  to  the  Stripline  side  of  the  junction 
through  the  use  of  equation  (3-5°)  to  yield  z  ^  and 
and  the  relation 


Z01  '  V  ZOpl  Z3l 


(3-51) 


used  to  find  the  Characteristic  Impedance  of  the  Stripline. 
However  the  author  overlooked  one  important  fact;  namely 
that  the  answer  begs  the  question.  Reference  to  equation 
(3-50)  shows  that  we  must  known  ZQ1  in  addition  to  (z^ 
or  in  our  case)  in  order  to  determine  ('zq^  or  zg^). 
While  this  method  is  useless  for  determining  Characteristic 
Impedance,  it  is  quite  useful  in  measuring  unknown  loads  in 
general.  It  is  anticipated  that  such  unknown  loads  may  have 
to  be  determined  when  an  investigation  is  made  of  various 
Stripline  terminations. 

In  order  to  use  this  method  of  measurement  we  must 
first  determine  the  iconocenter  ( z12 ) •  The  following  section 
therefore  will  concern  itself  with  the  graphical  determination 
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2.  Determination  of  the  Iconocenter. 

In  determining  the  iconocenter  through  graphical 

construction  on  the  Smith  Chart,  it  is  necessary  to  introduce 

28 

the  concept  of  the  projective  chart. 

On  the  Smith  Chart,  a  reflection  coefficient  or 
reflectance  p  is  represented  hy  a  point  W  just  as  any  complex 
number  is  represented  on  the  Argand  diagram.  The  distance 
OW  to  the  origin  is  the  magnitude  r  of  the  reflectance,  and 
all  passive  loads  are  represented  by  points  inside  the  unit 
circle  F  •  If  the  line  Of  cuts  T  at  points  I  and  J  (Fig  3-2) 
the  ratio 


WI 

WJ 


1  r 
1  -  r 


(3-52) 


as  shown  in  the  pamphlet,  is  the  voltage  standing-wave  ratio 
corresponding  to  the  reflectance  p. 

The  modification  that  leads  to  the  projective  chart 
is  to  represent  the  reflectance  p  by  the  point  W  with  the 
same  phase  angle  as  W  but  at  a  distance  r  from  the  origin 
given  by 


2r 


1  ■*•  r 


(3-53) 


This  makes  the  ratio  Wl/WJ  equal  to  the  square  of  the 
voltage  standing-wave  ratio. 


i, 


Fig  3-2  Relation  between  the  representation  of  a 
reflection  coefficient  on  the  Smith  Chart 
(w)  and  on  the  projective  chart  (w). 


If  a  radial  arm  carrying  a  voltage -stand ing -wave - 
ratio  graduation  in  decibels  is  used  with  the  Smith  Chart, 
the  point  Vt  will  be  in  front  of  the  graduation  2x  when  W  is 
in  front  of  the  graduation  Plotting  points  on  the  pro¬ 
jective  chart  or  transforming  back  and  forth  to  the  Smith 
Chart  is  therefore  very  simple. 


FiG  3-3  Transformation  P  and  p  .  Construction  of 
W  from  W  or  of  W  from  W. 
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The  transformation  P  from  W  to  W  con  also  be  obtained 

by  projecting  W  on  a  sphere  with  equator  from  one  of  its 

poles  and  then  projecting  orthogonally  from  the  sphere  on 

the  plane  of  F  .  Appendix  VI  shows  the  derivation  of  Fig  3-3* 

This  justifies  the  construction  shown  in  this  figure.  WM  and 

ON  are  perpendicular  to  the  radius  OW  and  MN  goes  through  W. 

This  can  also  be  used  to  perform  the  inverse  transformation 

p"1  from  W  to  W. 


W: 


The  circles  usually  drawn  on  the  Smith  Chart 
corresponding  to  constant  resistance  or  reactance  and  to 


constant  magnitude  or  phase  of  the  impedance  become  on  the 

projective  chart  straight  lines  and  ellipses  as  shown  in 

Fig  3-4.  These  could  be  drawn  in  advance  and  used  as  on  the 

Smith  and  Carter  charts  to  plot  impedance  measurements  taken 

for  instance,  with  a  bridge. 

IMPEDANCE 


CARTER  CHART  PROJECTIVE  CHART 


Fig  3-4  Loci  on  the  projective  chart  and  on  the  Smith 
and  Carter  Charts  of  constant  resistance  R,  re¬ 
actance  X,  impedance  magnitude  1  Z  j  and  impedance 
phase  2. 

Special  notions  of  distance  and  angle  that  have  useful 


interpretations  can  be  introduced  on  the  projective  chart. 
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Given  tvo  points,  A,B  and  the  intersections  I,J 
of  AB  with  (Pig  3-*0>  the  quantity 


101°el0  (§:  Jj)  (*3-5'0 

will  be  denoted  by  (AB)  and  called  the  hyperbolic  distance 
between  A  and  B.  It  will  usually  be  expressed  in  decibels 
as  in  (3-5-'0  hut  can  be  converted  to  nepers  by  substituting 
l/2  In,  for  10  log^Q. 

The  quantity  (3-5*0  deserves  the  name  of  "distance*1 
because  it  satisfies  the  triangular  inequality  (which  shows 
that  straight  lii^s  are  geodesics  for  this  particular 
measurement  system)  and  because  it  is  additive;  that  is, 
when  three  points,  A,B,C  are  on  a  straight  line  in  this  order: 

(AB)  +  (BC)  «  (AC)  (3-55) 

The  hyperbolic  distance  between  the  point  W  and 
the  center  of  the  chart  is 

(0W)  «  10  log  «  20  log  (3-56) 

1  -  r  1  -  r 

mid  can  be  interpreted  as  the  voltage  standing-wave  ratio 
expressed  in  decibels. 

It  has  been  shown  in  the  discussion  concerning 
equation  (3-17)  that  a  lossless  transformer  may  be  repre¬ 
sented  by  the  relation 
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-o  »  b 
cc  -  a 


(3-17) 


We  further  saw  from  Section  B  that  circles  in  the  p 
plane  go  over  to  the  a  plane  as  circles  under  the  trans¬ 
formation  (3-17).  Equation  (3-17)  is  also  a  conformal  trans¬ 
formation  (angles  are  preserved).  It  follows  that  hyperbolic 
distances  are  also  preserved  in  the  following  sense.  If  A,B 
are  transformed  into  A*,B‘  while  T  becomes  T*,  the  distance 
(AB)  defined  above  is  equal  to  the  distance  (A'B*)  measured 
as  if  T*  were  the  unit  circle: 

(AB)  »  (A*B‘)  i  ,  (3-57) 

r  r 


the  subscript  indicating  with  respect  to  what  circle 
the  distance  is  measured. 

The  special  transformation  (3-17)  that  preserver  the 
unit  circle  (lossless  transformations  of  reflectance  for 
instance)  are  represented  on  the  projective  chart  by  projective 
transformations.  They  transform  straight  lines  into  straight 
lines  and  as  a  consequence  also  leave  the  hyperbolic  distances 
and  elliptic  angles  invariant. 

Let  us  now  put  the  fact  that  straight  lines  go  to 
straight  lines  (in  the  projective  chart)  under  the  trans¬ 
formation  (3-17)  to  work  for  us.  The  iconocenter  is  defined 
as  ihe  impedance  seen  on  the  coaxial  side  of  the  junction 
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(plane  2)  when  the  Stripline  side  of  the  junction  is 
terminated  in  its  Characteristic  Impedance.  If  the  Smith 
Chart  representation  is  used,  the  impedance  seen  at  refer¬ 
ence  plane  1  (Stripline  side  of  the  junction)  will  he  Z^> 
since  the  Stripline  is  terminated  in  its  Characteristic 
Impedance.  On  a  normalized  basis,  Zq^  corresponds  to  the 
center  of  the  Smith  Chart  (p  *  0).  IfA,B,C  and  D  are  four 
equivalent  points  on  the  p  «  1  circle  (corresponding  to  four 
open  circuit  measurements  one  eighth  electrical  wavelength 
apart),  the  diameter  AC  and  BD  will  pass  through  the  center 
of  the  circle  (p  *  0)  as  shown  in  Fig  3-6. 


A 


Fig  3-6  Reflectance  of  four  open  circuits  spaced  one 
eight  wavelength  apart  on  the  Stripline  side 
of  the  junction. 
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If  A,B,C  and  D  are  transformed  through  the  junction 
and  measured  on  the  coastal  side  of  the  lossless  Junction,  we 
have  the  points  A,,B,,C,,D'.  If  the  projective  representation 
is  used,  the  straight  lines  AC  and  BD  go  over  the  straight 
lines  A^*  and  B'C*  as  shown  in  Fig  3-7*  Since  the  junction 
is  lossless,  the  unit  circle  is  preserved  and  the  points  A*, 
BjCj  and  D*  lie  on  it. 


Fig  3-7  Keflectances  of  four  open  circuits  spaced  one 
eight  wavelength  apart  after  being  transformed 
through  a  lossless  junction. 


Point  O'  in  Fig  3-7  Is  therefore  the  point 
corresponding  to  the  point  0  in  Fig  3-6  •  However  Fig  3-7 
is  the  projective  representation  of  Fig  3-6  and  not  the  Smith 
Chart  representation.  We  therefore  perform  the  construction 
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*v^i 


shown  in  Pig  3-3  vihere  V7  »  0*  and  is  known  as  the  "crossover” 
point.  The  result  is  shown  as  Pig  3-8*  The  point  W  is  the 
iconocenter  i.e.  the  impedance  in  plane  2  corresponding  to 
a  matched  load  in  plane  1. 


Fig  3-8  Transformation  from  the  Projective  to 
Smith  Chart  representation. 

3.  An  Example  Illustrating  the  Technique. 

In  order'  to  clarify  the  actual  measurement 
procedure,  let  us  work  an  example.  The  test  setup  is  shown 
in  Fig  3  9*  The  first  step  is  to  establish  a  reference  plane 
according  to  condition  2  assumed  in  the  solution  of  the  .pro¬ 
ceeding  equations.  It  was  decided  that  the  reference  plane 
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Fifi  3-S  Test  Setup  for  Measurement  of  an  Unknown  load 


on  the  Stripline  side  of  the  junction  would  be  established 

directly  to  the  right  of  the  junction.  Accordingly  the  junction 

* 

was  attached  to  the  coaxial  cable  on  the  right  of  the  dotted 
line  and  the  position  of  the  first  voltage  maximum  was  recorded. 
A  section  of  Stripline  with  known  Characteristic  Impedance  of 
arbitrary  length  and  open  circuited  on  the  load  end  was  then 
attached  to  the  Junction.  The  VSWR  and  position  of  the  first 
maximum  were  noted.  It  was  next  desired  to  remove  one -eight 
electrical  wavelength  from  the  Stripline.  The  wavelength  in 
Stripline  is  related  to  the  wavelength  in  free  space  by 


(3-58) 
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where 

\  *  Stripline  wavelength 

s 

«  Free  Space  wavelength 

€  *  Dielectric  constant  of  Stripline 

r 

The  free  space  wavelength  at  3  kmc  is  10  centimeters. 
Teflon-Fiberglass  (GB-112T)  was  the  dielectric  used.  This 
material  has  a  dielectric  constant  of  2.6.  We  therefore  find 
from  equation  (3-138)  that  Xs/3  *  O.305  inch.  This  length  was 
then  removed  from  the  load  end  of  the  Stripline  and  another 
measurement  of  VSWR  and  the  position  of  the  first  voltage 
maximum  made.  By  repeating  the  procedure  of  removing  X„/8 
three  times  and  measuring  the  VSWR  and  the  position  of  the 
firGt  voltage  maximum,  the  four  points  A’jB'jC*  and  D*  are 
obtained  (one  point  wa3  obtained  from  the  measurement  made 
before  any  Stripline  was  removed).  The  results  are  shown  in 
Table  3-1. 

From  Table  3-1#  it  is  first  necessary  to  determine 
the  wavelength  in  the  slotted  line.  This  is  done  by  sub¬ 
tracting  minima  from  their  corresponding  maxima  and  averaging 
the  results  of  all  readings.  Knowing  that  the  difference  be¬ 
tween  any  maximum  and  minimum  is  one  fourth  wavelength,  we 
can  find  the  wavelength  in  the  coaxial  line.  The  position 
of  each  maximum  Is  then  subtracted  from  the  reference  position. 
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TABLE  3-1 

Measurements  Relevant  to  the  Determination  of  an 
Unknown  Load  as  Measured  Through  a  Junction 


Reference  Position  on  Slotted  Line  -  373*9 


Maximum 

VSWR 

Minimum 

350.6 

39*2 

325.9 

Remove  0*305  inch  of  Stripline 

387.2 

60 

363.8 

Remove  O.305  inch  of  Stripline 

378.5 

6l 

353.9 

Remove  0.305  inch  of  3tripline 

k7 


366.8 


3^*3 
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This  difference  is  then  expressed  as  ft  percentage  of  the 
slotted  line  wavelength.  If  the  position  of  a  voltage 
maximum  is  numerically  greater  than  that  of  the  position 
of  the  reference,  the  maximum  has  shifted  toward  the  load; 
if  it  is  less  the  maximum  has  shifted  toward  the  generator. 
The  results  are  shown  as  Table  3-2. 

It  has  been  assumed  that  the  junction  is  lossless. 
This  means  that  the  VSWR  on  the  coaxial  side  of  the  junction 
can  be  shown  to  be  infinite  or  that  a  *  1  since 


_  VSWR-1 
“  VSWR+1 


(3-59) 


Teble  3-1  shows  that  the  measured  standing  wave  ratios  were 
not  infinite.  Table  3-3  shows  how  good  an  approximation  we 
have  to  the  ideal  case  (a  *  l). 

Reference  to  the  reflection  coefficient  scale  of 
Pig  3-10  shows  that  the  approximation  is  not  bad.  We  will  m&e 
the  assumption  that  a  ■  1  for  all  measurements  to  avoid  the 
more  difficult  problem  of  having  to  consider  a  lossy . junction. 

The  points  of  Table  3-2  are  plotted  on  Pig  3-10  Using 
R  *  »  as  the  reference  point.  We  use  this  reference  because 
our  measurement  reference  was  a  open  circuit  corresponding  to; 
a  voltage  maximum.  Since  a  voltage  maximum  occurs  at  a  current 
minimum,  a  resistive  maximum  is  obtained.  As  discussed  .previously 


TABLE  3 “2 

Location  of  Points  A'^B^CSD* 
with  Respect  to  the  Reference  Plano 


Shift 


0.286 

0.084 

o.oo4o: 

0.1224 


Direction 


toward  generator 


toward  load 


toward  generator 
toward  generator 


TABU)  3-3 


Comparison  of  Measured  VSWR  with  the  ideal  value 


0.948 

0.97 

0.97 

O.96 
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the  points  A*  and  C’  are  joined  with  a  straight  line 
across  B*  and  D'.  This  intersection  yields  the  point  0*. 
The  construction  of  Fig  3-3  is  then  used  to  obtain  the 
point  W,  which  is  the  iconocenter*  From  Fig  3-10  we  see 
that 


w  -  z12  *  1,4  *  J  °*2 


(3-60) 


Let  us  now  attach  the  unknown  load  to  the 
Stripline  and  measure  the  VSWR  and  position  of  the  voltage 
maximum.  The  VSWR  is  observed  to  be  10  while  the  position 
of  the  first  voltage  maximum  is  at  370.0  centimeters.  From 
equation  (3-59),  a  *  0.82  while  the  voltage  maximum  has 
shifted  0.09  wavelengths  or  6b.  Q  degrees  toward  the  generator. 
A  3hift  toward  the  generator  is  negative  according  to  standard 
transmission  line  theory.  Hence  normalized,  to  Z^ 


Zg  *  0.82  -  6h» 8 

«  0.3't8  -  J  0.74 


(3-6l) 


Equation  (3-48)  is  now  used 
the  junction.  It  is 


*2  Vl2 
*02 


J01 


r12 


Z02 


to  transform  Z,,  back  through 

4a» 


(3-50) 
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It  is  known  that  the  Characteristic  Impedance  of  the 
Stripline  is  50  ohms  while  that  of  the  coaxial  cable 
is  51  ohms.  r^2  and  are  the  real  and  imaginary  parts 
of  the  iconocenter  and  are  given  by  equation  (3-60).  In¬ 
serting  those  values  in  equation  (3-50)  we  get 

0.3^8  -  j  0.7*1  •  0^2 

51  “J  51 

B  ■  —■■■■«■ . —  *—  . . .  - 

l.'i- 

51 

a  12.7  -  j  3^.2 
It  will  of  course  be  noted  that  it  is  not  necessary  to 

the  equation.  It  was 
and  are  both  normalized 


is  possible  to  measure 
through  a  lossless  junction 
existing  coaxial  slotted 
Stripline  Loads.  We  can  not 
however  determine  the  Characteristic  Impedance  of  the  Strip- 
linc  by  this  method  since  our  result  will  be  a  single  equation 


knov  ZQO  since  it  drops  out  of 
put  in  merely  to  show  that  Z-n 

JLt-i 

to  Z02. 

C.  Conclusions : 

It  has  been  shown  that  it 
an  arbitrary  unknown  impedance 
thereby  allowing  the  use  of  an 
line  to  determine  the  value  of 


rt 

130 


in  two  unl;nowns. 
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CHARTER  IV 

DETERMINATION  OF  STRIPLUJE  ATTENUATION 

•^2 

A.  History  of  the  Problem. 

1.  Current  Distribution  on  the  Conductors. 

Before  Stripline  attenuation  can  be  intelligently 
discussed  a  fev  words  mist  be  said  concerning  the  distribution 
of  current  in  Stripline. 

Many  of  the  people  who  have  worked  on  the 
Characteristic  Impedance  of  this  line  have,  in  conjunction 
with  that  work,  carried  out  a  conformal  mapping  of  the  3 trip- 
line  geometry  into  come  simpler  geometry.  One  by-product,  of 
ouch  calculations  is  the  current  distribution  of  the  inner 
and  outer  conductors.  The  rigorous  conformal  mapping  carried 

p  . 

out  by  OlinerJ  and  illustrated  in  Fig  4-1,  is  therefore 
meant  to  be  typical  of  the  work  of  a  number  of  people. 

The  mapping  outlined  in  Fig  4-1  procedos  by  first 
mapping  the  upper  half  region  (b)  of  the  Stripline  shown  in 
(a)  onto  the  upper  half  plane  (c),  by  means  of  a  tanh  function. 

The  rectangle  (d)  is  then  also  mapped  onto  the  upper  half  plane 
(e),  employing  a  sn  function,  and  the  mappings  are  compared  in 
ordt.  co  determine  the  overall  mapping  from  (b)  to  (d).  By 
taking  appropriate  derivatives,  one  finds  the  following  functional 


dependence  for  the  current  distribution  on  the  ground  planes 
in  terms  of  the  notation  of  Fig  4-1  (b): 


I(x,b/2) 


1  ♦  k’2  sinh2(jc  x/b) 


where 


(4-1) 


k  *  tanli  (it  v/2  b),  lc*“  *»  1  -  k2. 


(4-2) 


The  current  on  the  center  strip  conductor  is  similarly 
shown  to  be 


l(x,0)  at 


(4-3) 


J  1  -  (k,2/k2)  sinh2  (it  x/b) 


where  k  and  k*  are  given  by  Fig  4-2. 


It  is  r^en  from  (4-1)  that  the  current  on  the 
outer  conductors  is  a  maximum  at  the  midplane  of  the  cross- 
section,  and  decreased  monotonically  away  from  this  point 
on  either  side.  From  (4-3),  on  the  other  hand,  one  notes  that 
the  current  on  the  inner  strip  conductor  is  a  minimum  at  the 
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midplane  and  becomes  divergent  at  the  strip  edges  (as  one 

would  expect).  The  actual  variations  given  by  (4-1)  and  (4-3) 

have  a  relatively  simple  form. 

Experimental  confirmation  of  the  validity  of  relation 

(l)  in  a  practical  situation  is  afforded  by  Pig  4-2  which 

presents  a  comparison  of  the  theoretical  values  predicted  by 

(4-1)  with  experimental  data  taken  at  the  Hughes  Aircraft 
34 

Company.  As  seen,  the  theoretical  values  agree  quite  well 
with  the  measurements.  Fi6  4-2  also  serves  to  illustrate  the 
rapid  decay  encountered  as  one  moves  transversely  away  from 
the  center  strip;  at  a  distance  away  from  the  strip  equal  to 
the  strip  width  the  square  of  the  field  intensity  is  27  db 
down  from  its  maximum  value. 


2.  Attenuation  Constant. 

The  evaluation  of  the  attenuation  constant  is  generally 

a  rather  prosaic  task,  once  the*  appropriate  current  distributions 

are  known.  If  one  employs  the  current  distribution  (4-1),  and 

performs  the  necessary  integrations,  one  finds  for  the  attenuation 
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constant  due  to  the  loss  in  the  outer  conductors  onlyf 


a  4. 
outer 

plates 


«2  6 


4  k  b  X 


1 

K(k)  K(k') 


In 


1  +  k 
1  -  k 


(4-4) 


where  k  and  k*  are  defined  in  4-2,  K(k)  is  the  complete  elliptic 
integral1 of  the  first  kind  of  modulus  k,  X  is  the  wavelength  of 
the  line,  b  is  the  ground  plane  spacing,  and  6  is  the  conductor 


skin  depth.  When  similar  integrations  are  performed  for  the 
inner  conductor,  using  current  distribution  (4-3),  a  divergent 
result  is  obtained  for  the  attenuation  constant  due  to  loss 
in  the  inner  conductor  alone.  This  divergence  is  due  to  the 
divergence  in  the  current  distribution  at  the  sides  of  the 
inner  strip  conductor  for  an  inner  conductor  of  finite  thick¬ 
ness  (rectangular  shape)  the  current  distribution  at  the 
edges  possesses  a  divergence  of  lower  order  and  thus  permits 
a  finite  result  for  the  attenuation  constant. 

In  the  course  of  his  work  on  Characteristic 
Impedance}0  Pease  had  determined  the  current  distributions 
on  the  inner  and  outer  conductors  in  the  low  impedance 
range  when  the  inner  conductor  is  of  finite  thickness. 
Employing  these  current  distributions  in  the  computation 
of  attenuation  constant,  Pease^  obtained  explicit  expressions 
valid  for  both  inner  and  outer  conductors.  While  the  results 
are  approximate,  they  are  estimated  to  be  accurate  to  within 
1$S  for  <  75  ohms.  The  contributions  due  to  the  inner  and 
outer  conductors  are  given  separately;  the  result  for  the 
outer  conductors  alone  is  nummerically  in  very  close  agree¬ 
ment  with  (4-4)  when  the  inner  conductor  thickness  is  small. 
While  these  attenuation  constant  results  are  in  explicit  form, 
they  require  the  insertion  of  a  quantity  related  to  the 
Characteristic  Impedance  which  must  be  determined  via  a 
transcendental  relation.  The  form  is  definitely  computable 
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but  more  involved  than  that  of  (4-4).  It  is  suggested, 
therefore,  if  accurate  results  are  desired  for  lines  in 
the  low  impedance  range  with  small  thickness  inner  conductors, 
to  employ  the  formulation  of  Pease  for  the  inner  conductor 
contributions  and  expression  (4-4)  for  the  contributions  of 
the  outer  conductors. 
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More  recently,  Cohn  has  evaluated  expressions 

for  the  attenuation  constant  which  are  valid  over  the  whole 

range  of  Characteristic  Impedances,  but  which  are  not  as 

accurate  as  (4-4)  or  those  of  Pease.  Cohn’s  approximate 

results  are  based  on  a  general  formula  for  the  computation  of 
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attenuation  constants  published  by  Wheeler.  The  procedure 

involves  the  evaluation  of  the  derivatives  of  the  Characteristic 

•  * 

Impedance  with  respect  to  each  of  the  line  dimensions;  in  order 
to  obtain  results  in  reasonably  simple  fora  Cohn  employed,  simple, 
approximate  formulas  for  the  Characteristic  Impedance.  He 
obtains  separate  results  for  the  high  and  low  impedance  ranges, 


and  the  contributions  from  the  inner  and  outer  conductors  are 
not  separately  determined.  Although  the  results  from  the  high 
and  low  impedance  ranges  differ  by  8$  in  the  overlap  region. 


they  are  recommended  which'  approximate  answers  are  sufficient* 
B.  Recommended  Approach. 

Cohn’s  results  seem  to  be  most  widely  accepted  in  the 


literature  and  are  expressed  in  graphical  form  for  convenience. 


i  : 


The  following  disaeration  will  therefore  follow  Cohn  although 
it  will  he  considerably  more  complete  than  that  given  by  Cohn. 
C.  Derivation  of  an  expression  for  Stripline  Attenuation. 

In  general,  two  types  of  losses  occur  in  a  transmission 
line.  These  are  dissipation  in  the  conductors  and  dissipation 
in  the  dielectric  medium  filling  the  line.  In  the  usual  case 
these  losses  are  small  enough  to  permit  the  total  attenuation 
to  he  expressed  as  the  sum  of  each  type  of  attenuation  computed 
individually. 

That  is: 

a  *  °c  *  ad  (4-5) 

where 

a  m  total  attenuation  per  unit  length 

conductor  attenuation  per  unit  length 
Oj««  dielectric  attenuation  per  unit  length 

1.  Dielectric  Attenuation. 

Let  us  first  consider  the  dielectric  attenuation, 
c^.  It  was  shown  in  Appendix  II  that 

r  ■  ♦  J  m  sl  \i  € '  (A2-56) 

Furthermore  if  equations  (A2-22)  through  (A2-24)  of  Appendix  II 
are  written  in  vector  notation  (assuming  conduct!  ity  f  0), 


there  results 
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(t‘s) 

Nov 

r  -  a  +  j  P  (4-9) 

Ill  equation  (4-9)  a  is  the  attenuation  constant  and  f*  is  the 
phase  constant.  We  wish  to  find  the  attenuation  constant  a. 
To  do  so,  ve  must  divide  equation  (4-8)  into  its  Real  and 
Imaginary  parts.  We  therefore  proceed  as  follows. 

*  0)2  [•* « (x  *  )  ]  (4'10) 

Expanding  equation  (4-10)  and  separating  Real  and 
Imaginary  Parts,  we  find  the  Real  part  to  be 

C?  -  p2  «  -  u>2  \x  €  (4-11) 

In  order  to  solve  equation  (4-11)  for  a, another  equation  is 
needed.  Equation  (4-8)  may  be  rearranged  to  read 

r  -  oi2  n  e  ♦  j  u>  cr  |x  (4-12) 

Now 

Irl^-rr-a2*^2 


/  4  2  2  .  2  2  2\l/2 

(a)  H  €  ♦  (0  ff  H  )  ' 


(4-13) 
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Solving  equations  (4-12)  ana  (4-13)  simultaneously  for 
ci  there  results 


a  .  a,  -i 


(4-14) 


The  quantity  o/ecu  in  equation  (4-l4)  is  defined  as  the  loss 
tangent  (tan  6). 

For  the  dielectric  materials  of  interest  o/ec o  <  <  1. 
Expanding  the  term 

c  \S  1  V2 


1  * 


(-=-)'] 


in  equation  (4-14)  in  a  binominal  series,  we  gel 


t1  *-(™)2]1/'‘ 1+1/8  (s  )a  • 1/8  ( s  y  — 


Jr 

i 

i 

U'  . 

,1 


Since  tan  6  <  <  1,  we  may  neglect  all  terms  after  the  second 
term  in  equation  (4-15).  Substituting  equation  (4-15)  into 
equation  (4-l4),  we  obtain  the  result 

ci  »  tov|"p.  e  tan11'  5  • nepers/unit  length  (4-l6) 

4 

Equation  (4-l6)  may  be  simplified  by  realizing  that 


<a  *  2  jj  f 


2  a  e 


2  it 


\n  i_  € 

o  o 


(4-17) 


where: 


c  «  velocity  light 
Xq  *  free  space  wavelength 
Ho  «  free  space  permeability 
€q  «  free  space  permittivity 


Equation  (4-17)  can  be  used  to  simplify  (4-l6)  to  read 


tfV  €. 


tan  &  nepers/unit  length  (H-l8) 


A  convenient  working  form  of  equation  (4-l6)  is 


27.3  V  e  tan  6 
- - -  db/unit  length 


(^-19) 


where: 


\Q  **  free  space  wavelength 

€  *  relative  dielectric  constant 
r 

tan  6  «  loss  tangent  of  the  dielectric 


2.  Conductor  Attenuation. 


We  begin  our  investigation  of  conductor  losses  by 


rewriting  equation  (4-6)  wrhich  ^ras 


V  xH*(afjoie)E 


(4-6) 


i 


1 
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Equation  (4-6)  may  be  further  simplified,  since  the 
displacement  current  will  never  be  appreciable  in  any 
reasonably  good  conductor,  even  at  the  highest  radio 
frequencies.  The  teno3  to  be  compared  in  equation  (4-6) 
are  c  and  cue ,  The  precise  values  of  e  for  conductors  are 
not  known,  yet  most  indications  show  that  range  of  di¬ 
electric  constants  is  much  the  same  for  conductors  as 
for  dielectrics.  For  platinum,  a  relatively  poor 

conductor,  the  term  cue  becomes  equal  to  a  at  about 
15 

1.5  x  10  cps,  if  the  dielectric  cosutaiit  is  taken  as 
ten  times  that  of  free  space.  This  frequency  is  in  the 
range  of  ultraviolet  light.  Consequently >  for  all  but 
the  poorest  conductors  (such  as  earth)  the  displacement 
current  term  is  completely  negligible  compared  to  the 
conduction  current  at  any  frequency.  Assuming  o  >  >  <a  e, 
equation  (4-6)  simplifies  to: 

7  x  I!  a  o  E  (4  -20) 

Taken  the  curl  of  both  sides  of  (4.-20) 

VxVxH»VxoE  .  (4-21) 

But,  there  is  a  vector  identity  which  states 


V  x  7  x  H  »  7  (7  •  H)  -  V2  H 


(4-22) 
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Utilizing  equation  (4-22)  equation  (4-21)  becomes: 

(7  •  H)  -  ^  H  -  c  V  x  E  (4-23) 

Now  Maxwell’s  2nd  and  3rd  Lavs  were  derived  in  Appendix  II 
end  were  in  vector  form 

a  B 

V  x  E  »  -  -  (A2-10  thru  A2-12) 

and 

VB«V'nH«0  (A2-38) 

Using  these  two  laws  in  equation  (4-23),  there  results 

^  H  »  o  p  ||  (4-24) 

This  equation  for  the  variation  of  II  in  a  conductor 
is  in  the  form  of  a  standard  differential  equation  similar  to 
Laplaces  equation,  in  the  wave  equation.  The  equation  is 
often  called  the  skin  effect  or  distribution  equation  and  may 
also  be  derived  in  toxins  of  E,  yielding 

E  *=  o  p.  (4-25) 

Since  i  »  c  E,  equation  (4-25)  may  also  be  written  in  terms 
of  current  density  (i). 

J  1  -  C  |i  t-i  (•'»-26)  j 

i 

i 
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If  sinusoidal  distribution  is  assumed, 

thru  (4-26)  become 

equations  (4-24) 

(4-27) 

E  e  j  (U  ff  H  E 

(4-28) 

i*=jcO0fii 

(4-29) 

These  equations  give  the  relation  between  space 
and  time  derivatives  of  magnetic  field,  electric  field,  or 
current  density  at  any  point  in  a  conductor. 

Let  us  now  consider  the  case  of  a  plane  conductor 
with  current  flow  in  the  z  direction,  3:  normal  to  the  surface 
and  110  variations  in  the  y  end  2  directions.  Pig  4-  3 
illustrates  this  concept.  If  equation  (4-29)  is  e::panded  in 
Cartesian  coordinates,  there  results: 


Fig  4-3  -  Current  Plow  \n  a  Plane  Conductor 


x  «  o.  Then 
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Define 

5 


(4-3*0 


v  «  t 


ii  a 


Then  utilizing  equation  (4- 34)  in  the  definition  of  t,  there 
results 


-r  1  ♦  J 

T  *  — - — u- 

o 


Using  equation  (4-35)>  equation  (4-33)  may  be  rewritten  as: 


i  .  i  e’t1  *  •»  x/& 


z  o 


e.  x/8  e-J  x/E, 


('>-36) 


From  the  form  of  equation  (4-36)  it  is  apparent  that 
magnitude  of  current  decreases  exponentially  with  penetration 
into  the  conductor,  and  5  has  significance  as  the  depth  at 
which  current  density  to  l/e  (about  36.9  per  cent)  of  its 
value  at  the  surface.  The  phase  of  current  also  changes  with 
increasing  depth  into  the  conductor  according  to  the  factor 
e-j  x/0' 

To  find  the  total  current  (i)  flowing  in  the  plane 
conductor,  we  must  integrate  the  current  density  over  a 
width  w  and  to  an  infinite  depth. 


I  * 


w  X 


1  dx 
z 


(4-37) 


l 


Using  equation  (4-36)  for  i  ,we  get 

z 


or, 


_  ,  /  “  -(1  *  j)  2c/6_ 

0  4 

i  w  d 
o 

“  1  «•  J 


(4-38) 


The  voltage  E  on  the  surface  along  the  length  of  this 
conductor  is  obtained  from  the  current  density  (iQ)  and 
the  voD.ume  resistivity  (o). 


E 


io  z  P 


(4-39) 


The  "internal  impedance"  or  "surface  impedance"  is 
computed  from  the  ratio  of  the  voltage  E  given  by  equation 
(-4-39)  a-nd  the  cui-rent  I  as  given  by  equation  (4-38) 

a  -  -f  -  a  ♦  j)  ft 

Recalling  that 


&  *  - 1 -  (4-34) 

•J  it  f  M 

equation  ( 4— 40 )  becomes: 

Z  *  (l  j)  z/w  >/  «  f  p  p  (4-4l) 


8? 


Dividing  Z  into  its  Real  and  Imaginary  Parts  results  in 

R  *  X  ■  z/w  it  f  |i  p  ('f— 45) 

Let  us  now  define  the  resistance  of  a  surface  of  unit 
length  and  width  and  of  depth  6  by 

Rs=  p/o  (4-46) 

Equation  (4-46)  may  be  simplified  by  u  ■*ng  the  definition 
of  5  a3  given  in  equation  (4-34).  The  resultant  expression 
is: 

R  =  n/  p  «  p  f  (4-47) 

o 

Comparing  equations  (4-45)  and  (4-47),  we  see  that 

R  «=  z/w  R  (4-48) 

s 

The  internal  inductance  can  be  calculated  from  equations 
(4-45)  and  (4-34).  After  rearrangement  of  terms,  there 
results 


8- 


L  a  X/w  a  z/w  (n  5/2) 


(4-49) 


oc 


This  is  the  inductance  of  a  layer  of  conductive  material 
having  a  thickness  of  6/2,  one  half  of  the  depth  of 
penetration.  This  merely  means  that  the  mean  depth  of 
the  current  is  one  half  the  thickness  of  the  conducting 
layer. 

Some  inductance  formulas  carry  the  assumption  that 
the  current  travels  in  a  thin  sheet  on  the  surface  of  the 
conductor,  as  if  the  resistivity  were  zero.  Such  assumptions 
are  usual  for  transmission  lines,  wave  guides,  cavity  resonators, 
and  piston  attenuations.  Such  formulas  can  be  corrected  for 
the  depth  of  penetration  by  assuming  that  the  current  sheet 
is  at  depth  6/2  from  the  surface.  This  is  the  same  as  assuming 
that  the  surface  of  the  conductor  recedes  by  the  amount 


The  second  factor  has  an  effect  only  if  the  conductive  material 
has  a  permeability  n  differing  from  that  of  space  no.  The  3ame 
correction  is  applicable  to  shielding  partitions,  regarding 
their  effect  on  the  inductance  of  near-by  circuits. 

There  is  sometimes  a  question  yjjich  surface  of  a  conductor 
will  carry  the  current.  The  rule  is,  that  the  current  follows 
the  path  of  least  impedance.  Since  the  impedance  is  mainly 
inductive  reactance,  in  the  common  cases,  the  current  tends 
to  follow  the  path  of  least  inductance.  In  a  ring,  for  example, 


Qo 


the  current  density  is  greater  on  the  inner  surface.  In 
a  coaxial  line,  the  current  flows  one  way  on  the  outer 
surface  of  the  inner  conductor  and  returns  on  the  inner 
surface  of  the  outer  conductor. 

In  determining  whether  the  thickness  is  much  greater 
than  the  depth  of  penetration,  the  effective  thickness 
corresponds  to  the  depth  of  a  hypothetical  line.  In  a 
symmetrical  conductor  with  penetration  from  both  sides,  as 
in  a  strip  or  a  wire,  the  ei'fc  ive  thicluiess  is  the  depth 
to  the  center  of  the  conductor.  In  a  shielding  partition 
with  penetration  into  the  surface  on  one  side  and  with  open 
space  on  the  other  side,  the  effective  thickness  is  the 
actual  thickness.  If  cho  effective  thickness  exceeds  twice 
the  depth  of  a  penetration,  the  accuracy  of  the  above 
impedance  formulas  is  sufficient  for  most  purposes,  within 
two  per  cent  of  a  plane  surface. 

The  " incremental -inductance  rule"  is  a  formula  which 
gives  the  effective  resistance  caused  by  the  skin  effect, 
but  is  based  entirely  on  inductance  computations.  Its 
great  value  lies  in  its  general  validity  for  all  metal  objects 
in  which  the  current  and  magnetic  intensity  are  governed  by 
the  skin  effect.  In  other  words,  the  thickness  and  the  radius 
of  curvature  of  exposed  metal  surfaces  must  be  much  greater 
than  the  depth  of  penetration,  say  at  least  twice  as  great. 

It  is  equally  applicable  to  current  conductor*, shields,  and 


iron  cores. 
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This  rule  is  generalization  of  (4-48)  which  states 
that  the  surface  resistance  R  is  equal  to  the  internal 
reactance  X  as  governed  by  the  shin  effect.  The  internal 
reactance  is  the  reactance  of  the  internal  inductance  L 
in  (4-49).  This  inductance  is  the  increment  of  the  total 
inductance  which  is  caused  by  the  penetration  of  magnetic 
flu::  under  the  conductive  surface.  This  change  of  inductance 
is  the  same  as  would  be  caused  by  the  surface  receding  to 
the  depth  given  in  (4-90).  Starting  with  a  knowledge  of 
this  depth,  the  reverse  process  of  computation  gives  the 
increment  of  inductance  caused  by  the  penetration,  and  from 
that  the  effective  resistance  as  governed  by  the  shin  effect. 

The  incremental-inductance  rule  is  stated,  that  the 
effective  resistance  in  a  circuit  is  equal  to  the  change 
of  reactance  caused  by  the  penetration  of  magnetic  flux 
into  metal  objects.  It  is  valid  for  all  exposed  metal 
surfaces  which  have  thichncss  and  radius  of  curvature  much 
greater  than  the  depth  of  penetration,  say  at  least  twice 
03 • great. 

The  application  of  the  incremental-inductance  rule 
involves  the  following  steps: 

(a)  Select  the  circuit  in  which  the  effective 

resistar.ee  is  to  be  evaluated,  and  identify  the 
e:q>osed  metal  surfaces  in  which  the  shin  effect 


is  prevalent 


'TC— *■ 


(b)  Compute  the  rate  of  change  of  inductance  of 
this  circuit  with  recession  of  each  of  the 

metal  surfaces,  dL^/dx,  assuming  zero  depth 

* 

of  penetration. 

(c)  Note  that  the  increment  of  inductance  caused 
by  penetration  into  each  surface  is 


T  H  6  o 

L  «  •  ~rr~  •  — y — 

u  2  Ox 


(4- 51) 


(d)  Compute  the  effective  resistance  contributed 
by  each  surface. 


1  v  O 

R  =  <i\L  a  - —  ♦  —r—  P  olims 
Po  d\  s 


(4-52) 


For  a  surface  carrying  the  current  of  the  circuit,  this  is 
identical  with  (4-48).  For  the  effect  of  near-by  metal 
objects,  such  as  shields,  this  formula  is  easily  applied  in 
many  practical  cases.  It  is  most  useful  in  cases  of  non- 
uniform  current  distribution,  which  otherwise  would  require 
integrations. 


*  A  second-order  approximation  is  secured  if  dL Jbx 
is  computed  assuming  that  the  surface  is  below  the 
i  actual  surface  by  the  amount  given  in  (4-50). 


&&  '>*  ^  <r’. 


We  oust  now  develop  an  expression  for  conductor 
attenuation  in  terms  of  R  and  the  Characteristic 
Impedance  2q.  In  the  initial  discussion  of  the  theory 
of  Stripline,  we  saw  that  since  a  TB4  mode  is  generated, 
the  egressions  for  transmission  lines  hold.  One  of  t'-e 
most  basic  parameters  is  the  preparation  constant. 

r  s  ^  =  si  (R  V  J  co  L)  (G  4-  j  to  C)  (-1—53) 

In  the  construction  of  veil  designed  transmission  linos, 
it  is  found  that  R  <  f  to  L  and  0  <  <  to  C.  Using  these 
approximations,  ve  can  therefore  ’./rite  our  propagation 
constant  as  a  Taylor's  Scries  and  consider  only  the  first 
several  terms . 


sTz  *=  (j  to  L  +  R)1' * 

and 

sly  =  (j  to  C  +  G)1^  * 


j 


si  j  to  L 


R 

j  2  to  L 


j  to  *t~lc 


1  + 


RG 

W*  LC 


(*-5!0 


Then 

j  ■  */zy  «  K/2  sfc/Z  +  G/2  slh/c  4-Jou  Vlc 
Since 


r  «  ac  +  j  P 


(4-56) 
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the  attenuation  constant  «c  may  be  found  by  talcing  the  Real 
part  of  equation  (4-55)  resulting  in 

c,  *  R/2  JcJl  +  Q/2  Jl/C  neper/a  (4-57) 

From  transmission  line  theory,  we  know  that 

zo**Tl/c  (4-58) 

Substituting  equation  (4-50)  into  equation  (4-57)  we  get 


a 

c 


nepers/ m 


(4-59) 


Let  us  examine  equation  (4-59)  more  closely.  G  is  the  shunt 
conductance  between  conductors.  With  the  common  dielectrics 
in  use,  it  is  small  enough  to  be  neglected.  Using  this 
approximation,  equation  (4-59)  becomes: 

c'"c  *  ~2Z~  nepers/ m  (4-60) 

"o 

Equation  (4-6o)  is  not  in  a  convenient  working  form 
and  must  therefore  be  modified  further.  In  Chapter  IX  of 
tliis  report  were  given  the  relations 

Z0  «  Jljc  (2-1) 

and 


Z  «  — ■ 

o  vC 


(2-3) 
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so  that 


95 


R 


r  *rr 

s  r 
37^.7 


a  Z 

o 

d  x 


(4-64} 


If  equation  (4-64)  is  now  used  in  equation  (4-60)  we  (jet 
a  wore  desirable  foam  for  the  attenuation  constant. 
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0  n 


nepers/cm 


(4-65) 


where  x  has  been  changed  to  n  to  conform  to  Colin’s  notation 
of  distance  perpendicular  to  the  conductor  surface. 

^  r> 

we  must  no;;  evaluate  the  term  b  in  equation  (4-65). 

<j  11 

Consider  the  cross  section  of  Stripiine  as  shown  in  Fi(j  4-4. 


Fig  4-4  -  Cross  Section  of  Stripline 
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S  n  is  perpendicular  to  the  current  carrying  conductors. 
We  must  therefore  consider  the  inner  surfaces  of  the  two 
ground  planes  and  the  four  surfaces  of  the  center  strip.  A 
change  &  n  inwardly  normal,  to  the  ground  planes  requires  a 
change  £  b  «  2  &  n  in  ground  plane  spacing.  Similavily,  in 
the  strip,  the  necessary  changes  in  dimensions  are  w  =  •  2  c  n 
and  t  =  -  2  5  n.  The  total  change  (total  differential)  for  a 
uniform  change  in  T.  n  is  therefore: 


d  Z  d  Z  d  Z 

31T  'u  b  +  Z1T  r<  w  +  TT  1  b 

o  n 


Substitutiiig  the  values  for  5  b,  Z  w  and  c.  t  as  given  above 
in  equation  (!:-66),  there  results 
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(•^07) 


Ulien  equation  (h-C"()  is  incorporated  into  equation  (A-6p), 
the  desired  expression  for  the  attenuation  constant  cc^ 
results  and  is 
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a.  Wide  Strip  cage. 

Equation  (4-68)  will  first  be  evaluated  for 
the  wide  strip  case  (w/b  -  t  >0.35)  using  equation  (6-9) 
which  is 


17  . 

— 
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94.15 


(l$ b  +  6  IWj  e") 


oliins  ( 2-9 ) 


If  the  partial  derivatives  of  equation  (4-68)  are  evaluated 
using  equation  (;J-9)>  the  following  results  are  obtained: 
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If  equations  (4 -69)  through  (4-71)  are  substituted  into 
equation  (4-60),  there  results 


(4-70) 


(4-71) 


i  t 


f 


■-****►— -v 


fm-******s*&>  ■*«'***»* » 


>'8 


a  a 

c 


4  R  e  Z 
s  r  o 


— 1—  +  -iii/k- 

(376.6T  b  L  1  -  t/b  (1  -  t/b)‘ 


\2 


4b 


0.0885  € 


8  Cf  1 
o  b 


u  C  1 


o  w 


0  C„ 


o  t 


Vr-'(2) 

nepers/ro 


The  partial  derivatives  of  C.„'  way  be  evaluted  through  the 
use  of  equation  (2-10)  which  was 


0.0885  e 
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1-t/b  la  (  1-t/b  +  1  ) 


■  {tk/s  -01”  -1)  ]  “r/“  (i'10) 


Male  the  substitution 


1  -  t/b 


(4-73) 


in  equation  (j-10).  The  result  is 
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(2-74) 


Tallin:;  the  partial,  derivative  of  equation  (4-7-4)  with  respect 
to  wc  find  that 
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since  x  is  not  a  function  of  w. 


Also 
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(4-77) 
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Therefore 
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(4-79) 
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(4-81) 


If  equations  (4-79)  through  (4-8l)  are  substituted  into 
equation  (4-72),  we  see  that 


a 


4  R  ^/T"  Z  -Je 
s  r  or 

(370.6)^  b 


w/b 


l  1  -  t/b  (i  -  t/b y 


+  1  'i + t/b) 
n  (1  -  t/b): 


In 


7b 


♦1 


.1  -  t/b  "X 


J 


nepers/unit  length  (4-82) 
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For  copper  =  0.25  10_:>  -v  "f". ,  dims /square 

G  j  'It \C 

\le  also  wish  our  result  in  decibels  per  unit  length  rather 
than  in  nepers  per  unit  length.  Remembering  that  one  neper 
equals  3.585  decibels  and  using  R  for  copper  in  equation  (4-82) 
we  obtain  the  final  result,  which  is 


.  r.r-dtt 


2-02  * 10'6  ^  ^  ^ 


1  -  (1  -  t/bf 


+  - 
It 


(1  +  V»); 

a  -  t/br 


,  f 

In 


^)] 

1  -  t/b 


(4-83)1 


Equation  (4-3j)  is  vali<i  in  the  some  rai\jc  an  v/'o  -t  >0.35* 

The  tom  (  sic  2  )  is  determined  as  a  function  of  the  cross 
r  o 

sectional  dimensions.  The  ten.)  is  e:cpressed  in  db/ unit 
length  where  xhe  unit  length  is  that  used  to  measure  b.  For 
example  if  b  is  in  inches,  a  is  db/inch.  If  the  conducting 
surface  is  other  than  cop;  the  result  should  be  scaled  by 
the  ratio  of  the  surface  resistivity  of  this  metal  to  that 


of  Conner. 


b.  Narrow  atrip  case* 

Let  us  now  evaluate  equation  (4-Ju)  fur  narrov/ 

Strip  widths.  It  wan  shovm  in  Chapter  II  tliat  for  v/b  -t  <  0.35 
the  Characteristic  Impedance  could  be  expressed  by  equation  (2-13.) 


uhich  is 


Z  « 
o 


,  4b  , 

In  rp  ohms 

ao 


(2-11) 
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To  evaluate  equation  (4-68)  which 

is 

It 

R  -fe~ 

s  r  | 

/  3  Z  8  Z 

[  0  0 

3  z 

0 

376.6  Z0 

\  d  b  6  v 

cTT" 

3  Z 

0 

TT  > 

3  zo 

v— ■  and 
o  V 

3  Z 

y  ■  "  iiius  t  be  evaluated 

Utilising  equation  (j-ll),  wo  ace  that 


(4-68) 


3  Z 
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sTT  b 


(4-C-:) 
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3  d 

o 

T7 


3  cl 


.50 


6o 


d  d 

o 

d  v 


■rr  d 

r  o 


3  d 

o 

d  t 


(4-3^) 


Ci -86) 


Incorporating  equation  (4-84)  thru  equation  (4-86)  into 
equation  (4-68),  there  results 


R 


c. 


c  2n  Z  b 
o 


8  d 


3  a 


1  * 


°  .  o  \ 

rr  *  s~ry  J 


nepcrs/tmi  t  length 
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Making  the  substitutions  Rc  «  0.25  x  10“ 3  ^fj~  cmd 
oue  neper  «  8.686  db,  equation  (4-88)  results  and  is 


c' 

c 


0.0X8408  ^7^ 

(s/e*  Z  )  b 
v  r  o' 


length 

(4-08) 


Equation  (4-88)  is  valid  for  ~rr  _C  0. 35  and  t/b  <  0.25. 

Although  the  equation  relating  dQ,  v  and  t  is 
knomi,  it  is  an  implicit  function  of  the  variables  and  to 
complex  to  permit  derivation  of  exact  formulas  for  the  partial 
derivatives,  h  ver,  a  set  of  five  place  values  of  do/d, 
versus  d"/d'  were  available,*  find  permitted  a  precise  numerical 
evaluation  of  these  derivatives.  A  plot  of  (6  do/o  w  +  o  do /b  t) 
as  a  function  of  the  strip  cross  section  ratio  if  given  in  Pig  4-5. 
Values  from  this  curve  nay  be  used  in  equation  (4-88)  to  obtain 
the  attenuation  per  unit  length  of  narrow  strip  lines. 

For  cl"/ d  •  small,  where  "d""  is  the  smaller 
and  "d***  the  larger  of  the  two  dimensions  "v"  and  "t",  an 
approximate  formula  for  d  exists?^ 


3k 


These  wore  computed  in  1550  by  C.  Hammer  of  Stanford 
Research  Institute. 


”2  'r*5^sra~  V  -**#z?»**-~--**~. S^J  «*-**--— 


^2  t1* A-C 


i*-C(  x*j«  V 

X  d7  \  d 


0] 


(4-89) 


Equation  (4-89)  is  accurate  for  ^  0.06.  It  was 

37 

found  by  Cohn  that  an  improvement  occurs  in  equation 
(4-89)  if  it  is  modified  to  read 


&  l1*  rtr  ( 
°-510  (&)*  ] 


1  +  In 


4*  d* 


(4-90) 


With  this  modification,  equation  (4-$0)  is  extremely  accurate 
for  d"/d*  up  to  at  least  0.11. 

Differentiation  of  equation  (4-90)  yields 


d  d  dd  dd  dd 

7TT  *  TT  m  TF  +  T d*  “  ^ 2  *  0,669  d"/d* 


-  0.255  (d”/d*)2  +  1/2*  In  4  x  dVd"  (4-91) 


Inserting  the  results  of  equation  (4-91 ) 
into  equation  (4-88)  gives  the  final  result  which  is: 


-■-«*<**«&*  *KtLm 


rf'.*-'  »•  '  -  ”-x>  ' 


io.: 


o.outev^  ^ 

yrr  zo)  b 


1/2  +0.669 


d" 

d? 


/>\2 

-  0.255  \jrJ  +  1/2  «  I11  4  jc 


(4-92) 


Equation  (4-92)  is  applicable  for  w/b  -t  <  0.35*  t/b  <0.25 
and  either  t/b  <0.11  or  w/t  <  0.11. 

3.  Attenuation  Graphs. 

It  is  of  considerable  interest  to  compare  the 
formulas  for  the  wide  and  narrow  strip  cases  in  the  vicinity 
of  the  transition  point  w/(b-t)  »  0.35*  Pig  4-6  shows  curves 
computed  from  equations  (4-03)  and  (4-92)  for  the  typical  case 
of  t/b  *  0.01.  It  is  seen  that  the  curves  show  an  approximate 
agreement  near  w/(b-t)  *  0. 35 >  but  differ  by  about  eight  per 
cent.  This  discrepany  is  reasonable  since  the  two  attenuation 
formulas  utilize  the  derivatives  of  two  approximate  Characteristic 
Impedance  formulas,  and,  although  the  latter  agree  very  closely, 
their  errors  will  necessarily  show  up  most  strongly  in  their 
derivatives.  A  reasonable  transition  between  the  two 
attenuation  curves  is  shown  in  Pig  4-6.  It  is  reasonable  to 
believe  that  the  resulting  composite  curve  i3  within  a  few  per 
cent  of  the  true  one. 

The  above  process  has  been  carried  out  for  t/b 
ratios  from  0,001  to  0.1.  Equations  (4-83)  and  (4-88)  and 
(4-92)  were  used  in  their  respective  ranges  of  validity.  In 


Cl  » 
c 


o.om.02 


io ; 


(ST  Z  )  b 
'  r  o' 


+  0.660 


d” 


-  0.259 


+  1/2  *  I11  4  it  d'/d" 


(4-92) 


Equation  (4-92)  is  applicable  Tor  w/b  -t  <  0.35,  t/b  <  0.25 
and  either  t/b  <0.11  or  w/t  <0.11. 

3*  Attenuation  Graphs. 

It  is  of  considerable  interest  to  compare  the 
formulas  for  the  wide  and  narrow  strip  cases  in  the  vicinity 
of  the  transition  point  w/(b-t)  *  0.35*  Pic  4-6  shows  curves 
computed  from  equations  (4-03)  and  (4-92)  for  the  typical  case 
of  t/b  =  0.01.  It  is  seen  that  the  curves  show  an  approximate 
agreement  near  w/(b-t)  *  0.35,  but  differ  by  about  eight  per 
cent.  This  discrepany  io  reasonable  since  the  two  attenuation 
formulas  utilize  the  derivatives  of  two  approximate  Characteristic 
Impedance  formulas,  and,  although  the  latter  agree  very  closely, 
their  errors  will  necessarily  show  up  most  strongly  in  their 
derivatives.  A  reasonable  transition  between  the  two 
attenuation  curves  is  shown  in  Pig  4-6.  It  is  reasonable  to 
believe  that  the  resulting  composite  curve  i3  within  a  few  per 
cent  of  the  true  one. 

The  above  process  has  been  carried  out  for  t/b 
ratios  from  0.001  to  0.1.  Equations  (4-83)  and  (4-88)  and 
(4-92)  were  used  in  their  respective  ranges  of  validity.  In 


0.0014 


Fig.  4-6  COMPARISON  OF  THE  WIDE-  and  NARROW-STRIP  ATTENUATION  FORMULAS  IN  THEIR 
TRANSITION  REGION. 
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all  cases  the  curves  for  narrow  and  wide  strips  agree  at 
w/(b-t)  *  O.35  within  10$.  The  family  of  composite  curves 
is  Given  in  Pig  4-7,  as  a  function  of  ZQ  and  various  values 
of  t/b.  It  is  seem  that  minimum  attenuation  is  approached 
at  which  corresponds  to  the  case  of  an  infinite  parallel- 
plane  transmission  line  of  spacing  (b-t)/2.  If  field  fringing 
did  not  occur,  with  consequent  non -uniformity  of  current  dis¬ 
tribution,  the  attenuation  would  be  independent  of  strip  width 
and  Characteristic  Impedance.  The  effect  of  this  current  non¬ 
uniformity  is  therefore  quite  large  in  the  useful  range  of 
Characteristic  Impedance. 

Pig  4-7  applies  to  copper  conduct on  Fbr  other  conductors 
the  attenuation  should  be  scaled  proportional  to  Rs»  The  ordin¬ 
ate  parameter  is  a,  b/  s/"  in  db(lnDc)_1/“.  Note  that  this 

gives  a  directly  in  db  per  inch  at  a  frequency  of  1  luuc,  when 

V 

€„  **  1  and  b  ■  1  in.  The  total  attenuation  when  a  dielectric 
r 

material  fills  the  line  is  given  by 


27 . 3  */T  tan  8 


db/unit  length 


(4-93) 


4.  Measurement  of  Attenuation. 

In  order  to  check  the  correlation  between  theoretical  and 
measured  values  of  attenuation  several  stripline  spirals  were 
built  and  evaluated.  A  spiral  was  used  since  it  was  felt  that 
this  was  the  only  practical  way  to  get  a  representative  length 
of  Stripline  in  a  reasonable  amount  cf  space*  All  spirals  had 

a  Characteristic  Impedance  of  50  ohms.  Lines  A  and  B  were  built 

4o 

and  tested  by  Vfigington,  while  line  C  was  constructed  and  evaluated 
by  the  author. 
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The  method  of  measurement  is  shown  in  Fig  4-8.  From 
frequencies  of  30  to  2k<X)  megacycles  simultaneous  measure¬ 
ments  were  made  using  'both  a  Rhodes  and  Schwarz  Diagraph 
and  a  Hewlett  Packard  power  meter  with  its  accompanying 
thermistor  mount.  Good  correlation  was  found  between  the 
values  of  attenuation  determined  from  the  Diagraph  and  from 
the  power  meter.  The  power  meter  reading  was  used  since  it 
could  be  more  accurately  read. 

The  Diagraph  is  essentially  an  automatic  Smith  Chart 
which  will  read  attenuation  and  phase  shift  directly  through 
the  use  of  a  moving  spot  of  light.  The  power  meter  was  bal¬ 
anced  with  the  Striplinc  Spiral  out  of  the  circuit.  The  line 
was  then  broken  and  the  Spiral  inserted.  The  attenuation  due 
i;o  the  Spirol  is  then  read  directly  from  the  meter. 

Above  2h00  megacycles  only  the  power  meter  was  used. 

When  total  Spiral  attenuation  exceeded  10  decibels,  the  power 
meter  could  not  be  used  directly  and  a  slight  modification 
vug  necessary.  Individual  General  Radio  pads  were  measured  at 
a  given  frequency.  Enough  of  these  pads  were  inserted  in  the 
line  so  that  t'  e  difference  between  the  total  value  of  the  pads 
and  the  expected  attenuation  of  the  Stripline  was  less  than  10 
decibels.  The  power  meter  was  then  balanced  with  the  pads  in 
the  line.  Finally,  the  pads  were  removed  and  the  Spiral  in¬ 
serted.  The  total  attenuation  was  then  the  sum  of  the  pad 
attenuation  and  the  reeding  on  the  power  meter. 
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1.  SET  POWER  LEVEL  AND  DIAGRAPH  TO  READ  0  DB. 

2.  BREAK  UNKNOWN  LINE  AT  X  AND  INSERT  TEST  LINE. 

3.  READ  ATTENUATION  DIRECTLY  FROM  SCIAGRAPH. 


THERMISTER  MOUNT 


1.  ESTABLISH  REFERENCE  POWER. 

2.  BREAK  LINE  AT  X  AND  INSERT  TEST  LINE. 

3.  READ  ATTENUATED  POWER. 

4.  CALCULATE  ATTENUATION. 

COAXIAL  COMPONENTS 

GR  50  Ohm  CABLE,  ADAPTERS, TEES,  ATTENUATORS,  ELLS. 
OSCILLATORS 

R  {  S  SMLM  OSC.,  30-300  Me. 

GR  1021  SIG.GEN.-,  PLUG-IN  P2, 250-920  Me. 

P  4,900 -2000  Me. 

GR  1218 -A  UNIT  OSC.,  900-2000  Me. 

HP  MOD.  6I6A  SIG.GEN.,  1800-4000  Me. 

HP  MOD.  685A  5200-  8300  Me. 

RjSz  RHODE  AND  SCHWARTZ 
GR  :  GENERAL  RADIO  CO. 

HP  =  HEWLETT-PACKARD  CO. 


Fig.  4-8.  ATTENUATION  MEASUREMENTS,  METHOD  AND  EQUIPMENT 
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It  should  be  noted  that  no  measurements  were  made  on 
Spirals  A  and  B  above  4000  megacycles.  Above  this  frequency 
values  were  calculated  from  equation  (5-25).  This  equation 
appears  in  the  chapter  on  Stripline  Transient  Behavior. 

In  the  measurement  of  Spiral  C,  it  was  observed  that 
the  attenuation  began  to  rise  sharply  above  3500  megacycles. 
No  information  was  available  as  to  the  increase  of  loss  tan¬ 
gent  and  the  decrease  of  dielectric  constant  with  frequency 
was  available  locally.  Correspondence  with  the  manufacturer 
(Minnesota  Manufacturing  and  Mining  Company)  provided  only 
one  additional  value  of  loss  tangent  and  dielectric  constant. 
Since  theoretical  attenuation  depends  on  these  two  constants 
directly,  its  accuracy  is  only  as  good  as  that  of  these 
pararoeters.  Wigington’s*’0  results  are  shown  as  Fig  •’i-9a  and 
the  author’s  as  Fig  4 -9b.  Table  4-1  is  also  included  to  show 
the  information  of  Fig  *!-9b  in  numerical  form.  Finally  a 
picture  of  Stripline  Spirals  A  and  C  is  shown.  Spiral  A  is 
opened  up  to  show  its  interior,  while  Spiral  C  is  in  its 


assembled  form. 
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Fig.  4- 9a.  ATTENUATION  MEASUREMENTS  FOR  LINES  A  and  B 
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TABLE  4-1 

Theoretical  vs.  Measured  Attenuation  of  Spiral  C. 


Frequency 

(rac) 


Calculated 

Attenuation 

(<To) 


Measured 

Attenuation 

(db) 


30 

0.5674 

0.41 

to 

0 . 0522 

0.52 

50 

0.7400 

0.60 

6o 

0.8244 

0.63 

70 

0.8943 

0.68 

8o 

0.9622 

0.72 

90 

1.033 

0.82 

100 

1.098 

0.9 

185 

1.851 

1.04 

150 

1.395 

1.15 

175 

1.538 

1.36 

200 

1.057 

1.50 

250 

1.899 

I.70 

300 

2.126 

1.82 

350 

2.244 

2.10 

4oo 

•-.4>j 

2.40 

•i-50 

2.722 

2.60 

500 

2.947 

2.90 

600 

3.321 

3.2Q 

Y00 

3.C80 

3.41 

800 

4.026 

3.63 

900 

4.262 

4.2 

1000 

4 . 689 

4.3 

1250 

5.389 

5.2 

1500 

6.313 

6.2 

1750 

7.064 

7.0 

2000 

7.674 

7.2 

2400 

8.780 

9.0 

3500 

II.667 

11.60 

5200 

15.890 

19.90 

6000 

17.‘8io 

23.50 

'/GOO 

20.240 

27.70 

8000 

22.470 

28.80 

8200 

22.960 

28.90 
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CHAPTER  V 


A  TRANSIENT  ANALYSIS  07  STRIPLINE 

A.  Introduction. 

Since  the  use  of  Stripline  to  perform  logical  operations 

in  a  computer  is  a  basic  aim  of  this  investigation,  it  will 

be  necessary  to  consider  its  transient  properties.  Any 

digital  logic  operation  depending  on  signal  amplitude  will 

necessarily  involve  square  pulses  to  represent  the  "l"  and  "0" 

states.  The  maximum  possible  rate  of  performing  logical 

operations  will  then  be  limited  in  part  by  the  maximum 

achievable  rise  time  of  Stripline.  The  means  of  predicting 

this  maximum  rise  time  as  well  as  the  variables  determining 

It  will  be  found  ft  ;•£</  •’  transient  analysis.  This  analysis 

40 

will  follow  an  analysis  done  by  Wigington.  Wlgington's 
paper  is  the  only  transient  analysis  that  has  been  done  to 
the  author's  knowledge. 

B.  Theoretical  Model. 

To  begin  the  transient  analysis  of  Stripline  it  is 
necessary  to  find  its  voltage  transfer  function.  It  was 
shown  earlier  in  this  report  that  Stripline  operates  in  the 
TBK  mode.  8ince  this  is  the  case,  the  formulas  for  general 
transmission  lines  hold.  The  steady  state  solution  for  a 
voltage  wave  on  a  general  transmission  line  is 
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1  *  distance  from  the  sending  end  of  the  transmission  line 
R,L,G,C  m  resistance,  inductance,  conductance  and  capacitance 
per  unit  length  of  line 
A  and  B  *  Complex  constants 


The  function  of  interest  is  that  of  a  voltage  transfer  in 
a  matched  line.  The  first  term  of  equation  (5-1)  represents 
the  incident  wave  while  the  second  term  represents  the  reflected 
wave.  Since  a  matched  line  has  no  reflected  wave,  the  second 
term  of  equation  (5-l)  will  he  absent.  Equation  (5-l)  then  becomes: 

V  -  V(0)  e**1  (5-2) 

where 

V  (0)  is  the  seeding  end  voltage 

From  equation  (5 -2)  the  voltage  transfer  function  becomes: 

.-rl  - .  ■»  .-Jpl 

■  e*^(cos  01  -  J  sin  pi)  (5-3) 

In  equation  (9-1)  the  propagation  constant  r  was  defined  as 
T  *  |"(R  ♦  d  »  1)  (G  ♦  J  w  C)  1 


(5-4) 


Let  us  now  examine  the  parameters  R,  L,  G  and  C  for  the 
case  of  Stripline.  In  Chapter  IV  of  this  report,  it  was 
shown  that 


Xtu  (1  ♦  J) 


2x  r. 


(4-1*1) 


where 


Zm  *  Impedance  of  a  round  wire  for  very  high  frequencies 
f  *  frequency  of  interest 
p  -  permeability  of  the  medium 
o  ■  conductivity  of  the  medium 
r  *  radius  of  wire 


It  is  shown  in  Ramo  and  Whinnery41  that  equation  (4*41)  is 
valid  for  ro/fi  >5-5  if  a  10$  error  can  be  tolerated  (where 
6  is  the  depth  of  current  penetration  into  the  conductor). 

In  Stripline  rQ  ■*>  •  since  the  conductors  are  actually  plane 

rather  than  circular.  Also  for  copper  at  3  K  me,  6  ■  1.22  x  10  meters. 

The  assumption  that  >  5*5  is  therefore  quite  valid. 

Equation  (4-4l)  may  be  rearranged  to  read 


q  2  2 

8  *  rQ  a 


(1*  J) 


(5-5) 


JUS 
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Let  us  define 

„  .2 

into  (5-5)  there  results 

+  J) 

In  the  discussion  following  equation  (4-14)  it  was 


**  (4it2  rQ2  a)^ 


Inserting  equation  (5 -6) 


Z  *  -1— = - ^  (1 


tan  5  =  — 
eoo 

where 

tan  6  «  loss  tangent 
a  -  conductivity 
e  *  permittivity  of  the  medium 
0)  *b  angular  frequency  in  radians 

The  equation  for  a  parallel  plate  capacitor  is 


where: 

€  s*  permittivity  of  the  medium 
A  «*  Area  of  one  plate 
d  =  distance  between  plates 


(5-6) 


(5-7) 

shown  that 

(5-8) 


(5-9) 


Equation  (5-8)  may  "be  rearranged  to  read 


tan  5 


ak 

d 


«<T> 


(5-lo\ 


Utilizing  equation  (5-9)  and  the  basic  definition  of 
conductance,  there  results 

G 


tan  5  *  ~ 
toC 


(5 -11) 


Now  let  us  examine  equation  (5-4)  which  was 


[ 


(R  ♦  J  •  L)  (G  +  J 


tt)C)  j1' 


/2 


(5-4) 


Consider  the  term  (E  +  j  w  L).  It  east  be  remembered 
that  there  are  two  types  of  inductance  to  be  considered, 
that  due  to  skin  effect  and  that  calculated  assuming  no 
current  penetration  into  the  conductor  (L  ).  The  resistor 
term  R  is  essentially  due  to  skin  effect.  The  term 
(R  ♦  J  »  L)  may  therefore  be  expressed  with  the  help  of 
equation  (5-7)  as 


(R  ♦  J  «  L)  *  (Z  «  +  j  u>  L  «o) 


/  K,*/u>  ICa/co  \ 

(5-12) 


Now  equation  (5-ll)  is 


>fgwBB^aeET^»^- 
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*“  ®-  55-  '5-u) 

Define 

C  tan  5  »  K2  (5-13) 

Then  equation  (5-12)  becomes 

G  »  Kg  a)  (5-l*0 

Through  the  use  of  equations  (5-12)  and  (5-14),  equation 
(5-4)  becomes 


! 

t 

i 

t 


[( 


KjNU)  K-Vu>  \  r  \  | 

X  «•  1  ♦  J  cu  L  oo  J^KgOi  +  joCy  J 


m 

& 


)(> 


A  1^2 


Equation  (5-15)  can  be  rearranged  to  read 


(5-15) 


r  -  i  o> 


Jlc 

00 


^1  *J()i  i  <|  M  ,  4  \ 

r .  /2  i  V2  r 

L  d  »  L  «  J  [ 

1  *  jcJ 

(5-16) 


Equation  (5-16)  is  rather  unwieldy  and  may  be  simplified 
by  expanding  each  one  of  its  bracketed  terms  in  a  binominal 
series.  The  general  binominal  series  expansions  is 


5W 


! 


IlS'SC  2SSr?sr 


sssrrjj?  yi 


{l  x)n  «  1  ♦  n  x  + 


n(n  -  l)  xc 


.  x  <  1  (5-17) 


We  must  first  examine  the  bracketed  terms  of  (5-16)  to  see 
if  the  condition  (x2<  l)  is  met.  The  Mx"  term  in  the  first 
bracketed  term  ie 


(1  +  J) 


J  O)  1  to 


"fa*  L 


(5-18) 


Evaluation  of  (5-18)  deperds  on  evaluation  of  K^.  in  turn 


depends  on  the  assumption  that 


Sa>  L 


<  <  1 


This  assumption  viU  therefore  be  made  and  its  validity 
checked  after  has  been  evaluated.  In  the  second  term  of 
equation  (5-16),  the  validity  of 


<  <  1 


(5-19) 


nu.t  be  checked.  How 


(5-20) 


.Us*! 
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But  from  equation  (5-13) 

Kp 

tan  6  -  ~  (5-21) 

At  3  tone  tan  6  <  0.01  for  GB  112  T  Dielectric.  The 
assumption  of  (5-19)  is  therefore  justified. 

Using  the  first  two  terms  of  the  binominal  expansion 
in  each  term  of  equation  (5-16),  there  is  obtained 


It  is  therefore  valid  to  drop  the  last  term  of  equation 
(5-22).  Under  this  assumption  equation  (5-22)  becomes 


126 


a  *  b  (Kmcj1//2 

C 

^^Kmc  €r 
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t 


(5-27) 


I 


I 

* 


The  attenuation  constant  a  in  equation  (5-27)  is  in  decibels, 
vhereas  the  attenuation  constant  of  equation  (5-25)  is  in 
nepers.  Using  the  conversion  factor  from  decibels  to  nepers, 
we  see  that 


a  nepb 

ir 


nepers  (cycle) 


-1/2 


3.64  x  10 "6  y 


(5-28) 


Equation  (5-25)  is  made  up  of  two  terms,  the  first  due 

to  copper  losses  (a  )  and  the  second  due  to  dielectric 

c 

losses  (ql).  If  equation  (5-28)  is  solved  for  a  nep  and  the 

Q  C 

result  equated  to  the  first  term  in  equation  (5-25)  the 
desired  solution  for  results.  It  is: 


(5-29) 


The  expression  ve  vish  to  examine  to  determine  the 
validity  of  equation  (5-22)  Is 


<  <  1 


•Jto  L 


(5-30) 


Let  us  examine  equation  (5-30)  for  a  "worst"  case. 


Take: 


y  m  1.7  x  10  J  (maximum  ordinate  on  Pig  li-7) 
R0*  98.5 
b  -  0.125  inch 

v  2-6 

C  «  0.553  MUfd/in. 


These  values  were  obtained  from  the  Table  of  Characteristic 
Impedance  Measurements  given  in  Chapter  I.  If  thi  ;e  values  are 
used  in  equation  (5-28)  and  (5-29)  ve  find  that  ■  8.91  x  10"®. 
The  value  of  lr°  can  be  found  by  realizing  that 


/? 


(5-31) 


Ik-  R  0 
o 


(5-32) 


Inserting  the  given  values  of  Characteristic  Impedance 

-9 

and  Capacitance  per  unit  length,  we  find  that  I 5*37  x  10  henries. 
If  a  frequency  of  3  Kmc  is  assumed 


*1  .4 

— - -  1.22  x  10  <  <  1 


(5-33) 


•fo>  L 
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Then  the  assumptions  required  for  the  binominal 
expansion  are  justified  and  we  may  proceed  with  the 
development. 

C.  8tripline  Transfer  Functions. 

The  transfer  function  to  be  investigated  can  now 
be  written  from  equation  (5-3),  (5-25)  and  (5-2 6).  It  is 


■W* 


F(cd)  *  e 


h1  r 


'  JKi1  j- 

aTaX 


CO 


(5-34) 


In  our  investigation  of  equation  (5-36),  it  would  be 

desirable  to  be  able  to  apply  the  physical  realizability 

conditions  given  for  transfer  functions  of  lumped  constant 

42 

system  to  transmission  line  transfer  functions.  Bode 

shows  that  provided  the  delay  of  propagation  tens  in  the 

expression  for  the  propagation  constant  (equation  5-24)  is 

subtracted  out#  the  analogy  is  valid.  Since  the  first  term 

of  equation  (5-24)  has  already  been  removed  in  the  derivation. 

of  equation  (5-34)#  F(o>)  must  satisfy  the  realizability 

conditions  for  lumped  constant  transfer  functions.  These 
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conditions  are  given  by  Bode  and  Balbanian  and  are: 


(1)  Zeroes  and  Poles  are  either  real  or  occur  in 
complex  conjugate  pairs. 

(2)  The  real  and  imaginary  components  are  respectively 
even  and  odd  functions  on  the  real  frequency  axis. 

(3)  None  of  the  poles  can  be  found  in  the  right  hand 
plane. 

(4)  Poles  on  the  real  frequency  axis  must  be  simple  with 
imaginary  residues. 

(5)  No  Poles  of  the  voltage  transfer  function  P(to)  can 
lie  at  0  or  «. 

(6)  The  Zeroes  of  F(<o)  may  be  multiple  and  can  lie  any¬ 
where  in  the  s  plane. 

(7)  From  physical  reasoning,  it  is  obvious  that  F(cd)  ->-0 
as  a)  «■+♦  «  and  |  F(o>)  |  <  1  for  .  all  o>. 

For  those  who  may  be  unfamiliar  with  the  pole  zero  concept 
the  following  definitions  are  given: 

(1)  A  Zero  is  that  value  of  frequency  which  causes  F(a>) 
to  go  to  zero. 

(2)  A  Pole  is  that  value  of  frequency  which  causes  F(a>) 
to  go  to  ». 

If  condition  (7)  is  met,  the  other  conditions  will  be  met. 
Examination  of  equation  (5-3*0  shows  that  for  o>  >  0,  condition 
( 7)  is  met  but  for  <o  <  0  this  condition  is  not  satisfied. 


(hteaK****- 


JiiSSaSESS^*^; 
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Let  F(od)  be  broken  into  two  parts  such  that: 


P(co)  »  F1(cu)  +  P 2(ai) 


where 


P1(oj)  **  terra  due  to  dielectric  loss 


p  (a>)  *  terra  due  to  skin  effect 


Consider  first  the  dielectric  term 


(5-35) 


* 


R  1CD 


Fjfa)  «  e 


(co  >  0) 


(5-36) 


Since  the  attenuating  case  is  wanted  Tor  both  positive  and 
negative  frequencies,  it  seems  obvious  that  for  an  u>. 


should  be 


-  KgRl  |  co  i 


Ft(o))  *  e 


(for  all  o>)(5-37) 


Now  let  us  consider  the  skin  effect  terms 


-  *1 


fai  1 


-  3  K^c 


CD  1 


3V2  R, 


P2(a>)  -  e 


For  simplicity,  define 


2/2  R 


(5-38) 


! 
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K,  1 

K  »  — * -  (5-39) 

2-fz  B„ 

o 

With  equation  (5-39)  inserted,  equation  (5-38)  becomes: 

_  /  \  -K*y«  -j  k4  /e  ,ir.\ 

F2(cd)  me  e  (5*40) 

.  e  -K^o  (1  +  i) 

Equation  (5-bo)  must  hold  for  negative  as  veil  as 

45  „ 

positive  frequencies.  Bode  states:  In  any  real  physical 
circuit,  the  real  component  of  the  impedance  is  an  even 
function  of  frequency  and  the  imaginary  component  is  an  odd 
function.  In  other  words,  the  real  component  of  the  Impedance 
at  a  negative  frequency  is  equal  to  its  value  at  the  corresponding 
positive  frequency,  while  the  imaginary  component  at  a  negative 
frequency  is  the  negative  of  the  imaginary  component  at  the 
corresponding  positive  frequency".  Let  us  then  postulate 

F2U)-e-K'/rW~  (l*J) 

-KrR  (i  -j)  (5-^1) 

is  e 

and  examine  the  validity  of  equations  (5*40)  and  (5-*&)  under 
Bode's  conditions.  From  equation  (5-40) 


R  e  [f2(o>)  J  -  R  e  “K  ^  ^  +  ^  ] 
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-  K  4oi 


*  e  cob  K  4<x> 


(5-4S) 


and  from  equation  (5-4-1) 


R  e  [y2(Hi)]  »  R  e  [e  “K^  ^  ^  ^  ] 


K  *J  ja>|  cog  K  >T  joo  |  ( 5-4-3) 


Therefore 


R  e  F2(to)  «  R  e  F2(-a>) 


(5-44) 


and  Bode*s  first  condition  is  fulfilled.  Also  from 
equation  (5-40) 

I  m  ^F2(co)  J«Im£e~K^°  ^  +  ^  J 


*»  -  e 


-  K*/cd  .  „  r 

sin  Kvco 


(5-45) 


and  from  equation  (5-4l) 


[  Fs(-»)  ]  .  I.  [e'K'r^T  (1-J) 


-k/~[mT  sln  K  V- PI"  (5-Ii6) 


As  a  result  of  equation  (5-45)  and  equation  (5-46) 


I  m  Fg(-a))  J  m  -I  m  F^(to) 


(5-47) 


and  Bode*s  second  condition  is  fulfilled.  Our  postulation 
is  therefore  valid.  In  summary  then 


-  /  \  -  K  va>  (l  +  j)  w  . 

F„((u)  «  e  cd  >  0 


*  e 


-  W  |a>[  (l  -  j) 


CD  <  0 


(5-48) 


It  is  desirable  to  egress  Fg(<n)  as  a  function  of  Jod. 
We  therefore  make  the  following  transformations: 


I 

l 


i 
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F2  (o>)  *a  e 


-K  ^  (1  +  «))  s  e  *  K*/to  (1  +  j) 


»  e 


-kVI 


jo> 


(5J+9) 


and 


F2(-<i>) 


e  -  k  *</  hl(i-j) 


-  K  nT-  2  j  jo)| 

u  e  ■  * 


(5-50) 


Comparison  of  equations  (5-^9)  and  ( 5~50)  shows  that  for  co  <  0 


F2(<u)  «  F2(-<i)) 


(5-51) 


Now  if  we  let  s  «  jw  and  use  analytic  continuation,  we  obtain 
the  final  result  which  is 

Pa(s)  -  e' K,ya  8  -e  0  0-52) 


D.  Skin  Effect  Transient. 

Equation  (5-52)  has  been  solved  by  Wigington  and  Nahraam 
This  paper  is  included  as  Appendix  VII.  From  this  analysis, 
the  impulse  response  is  found  to  be 


i 

f 
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f0(t)  -at  “3/2  e“P//t  t  > 


t  <  0 


where 

a  - 

apd 

P  ■ 


Ki  1 


Ur „/* 

O 


K,  1  1  2 
o 


(5-53) 


In  a  similar  manner,  the  step  response  was  found  to  be 


gg(t)  *  erfc  >/  p/t  t  >  0 


t  <  0 


(5-5^) 


and  the  ramp  response  Is 


>(t)  -  l/a  /  ^  erfc  nTp/t  dT  t  >  0 


T  <  0 


where: 

w 

w 

a 


t  -  a  for  t  >  a 
0  for  t  <  a 

0-100$  rise  time  of  a  unit  ramp. 


(5-55) 


f  f 


a. 


ft 
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(5-56) 
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Equation  (5-56)  is  the  dielectric  impulse  response  and 
is  shown  in  normalized  graphical  form  as  Pig  5-1* 

The  dielectric  step  response  can  he  obtained  from  the 
impulse  response  (equation  5-56)  by  the  following  manipulation: 


G^s)  *  l/s  F^s) 

g^t)  *  f  fx  (t)  dT 

**  -00 

r 1  Ko 

J  -CO  lt(t 2  +  K  2) 


dt 


1/2  ♦  l/x  tan"1  (t/KQ) 


(5-57) 


Let  us  now  examine  equation  (5-37)/  (5-56)  and  (5-57) • 
The  following  observations  may  be  made; 

(1)  For  the  analysis  performed  the  mathematics  holds 
for  all  time,  both  positive  and  negative,  according 
to  the  transform  Tables. 

(2)  Equation  (5-37)  is  supposedly  a  network  transfer 
function,  yet  it  is  not  analytic. 

(3)  The  time  response  is  from  a  transfer  function 
which  has  no  phase  time  and  no  delay,  yet  it  seems 
to  satisfy  the  requirements  as  a  network  function, 
except  for  analyticity. 
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(4)  Physical  reasoning  would  require  that  there  be  no 

response  prior  to  an  excitation,  i.e.,  the  response 
should  be  aero  for  t  <  0  and  for  t  g(t) 
Equation  (5-57)  fulfills  the  condition  g^(t)  ~>1  as 
t  -*•«#,  but  for  t  <  0  g^(t)  0  only  as  t  -»••«  i.e. 

g^(t)  <jl  o  for  t  <  0. 

(5)  If  equation  (5-56)  is  assumed  to  be  true  for  t  >  0 
only  (with  f(t'  *  0  for  t  <  0),  then  the  constant 
l/2,  in  equation  (5-57)  is  not  obtained  in  the  step 
response  and  g^(t)  ->-1/2  as  t  ->»  rather  than  a 
value  of  unity  as  it  should. 

(6)  The  dielectric  step  response  was  obtained  from  the 
impulse  response  by  integrating  in  the  time  domain. 
Let  us  find  the  step  response  in  the  frequency 
domain,  then  transform  it  to  the  time  domain.  The 
dielectric  impulse  response  was 


-Kc  M 


-Ko  1*1 

»  e 


(5-57) 


The  step  response  in  the  following  domain  would  then  be 


m«ma tli^x&ateXiam*. 


3S3S2*r- 


Pair  107:  7  — — >1 
s 


t  >  0 


(5-60) 


Pair  201:  F1  +  Fg 


-G1  ±  G2 


(5-61) 
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From  Table  1  of  Cambell  and  Foster 


J»8 


i 

f 

} 

I  • 

t 


-  K  |  s| 

r\  1 


Pair  633: 


-  l/s . 


-  1/ic  tan"1  (  ~  )  (5-59) 


Equations  (5-58)  through  (5-6l)  may  he  manipulated  to  yield 
the  transform  mate  of  equation  (5-58)  as  follows: 


1 


“  G1  *  G2  ”  Sj(t) 


t  >  0  (5-62) 


Equation  (5-62)  may  he  further  manipulated  to  yield  the 
same  result  as  that  given  hy  equation  (5-57) 
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(swam*6fis*w 


ite 

^(t)  «  1  -  l/x  tan"1  (ko/t) 

m  l/x  | ~n/2  4-  x/2  -  tan"1  (^o/t)J 

*  l/x  J  it/2  4*  tan"1  (t/K0)  J 

•  l/‘-  +  l/jt  tail"1  (t/K  )  t  >  0  (5-63) 

Note  that  equation  (5-63)  is  valid  oidy  for  t  >  0  whereas 
equation  (5-57)  is  valid  for  both  positive  and  negative  time* 
Physical  reasoning  tells  us  that  for  t  <  0,  g0(t)  should  be 
aero  while  for  t-*«*  gg  (t)-»l.  aquation  (5-63)  therefore  ia  the 
result  required .  let  the  mathematics  be  true  in  detail  for 
t  >  0.  In  order  to  overcome  the  objection  resulting  from  (5), 
observe  that  the  DC  value  of  a  step  excitation  over  all  tide 
(from  -  e«  to  +  »)  ia  1  ,/2«  Since  there  ia  no  delay  and  the 
transfer  function  at  zero  frequency  ia  unity,  this  appears 
ao  a  step  of  value  1/2  at  the  output.  The  response  due  to 
frequency  components  greater  than  zero  is  described  by  the 
arctangent  function  and  is  added  to  the  atop  due  to  the  DC 
term,  l'n  addition,  to  preserve  the  integral  relationship 
between  the  impulse  and  step  response  the  requirement  that 
the  area  under  impulse  response  for  all  time  is  unity,  an 
Impulse  of  value  1/2  at  t  «  0  must  be  postulated.  Figure  5-2 
allows  equation  (5-56)  in  graphical,  form. 
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lie  now  have  the  impulse  and  step  response  for  the  dielectric. 

Finally,  the  response  to  an  arbitrary  ramp  will  be  considered. 

49 

It  is  shown  in  Gardner  and  Barnes  that  if  the  impulse  response 
is  known,  the  response  to  any  arbitrary  driving  function  may  be 
found  by  convolving  the  driving  functicn  and  the  impulse  re¬ 
sponse  in  the  time  domain.  This  principle  has  a3 ready  been 
used  in  finding  the  ramp  response  to  skin  effect  in  Appendix  VII. 
let  us  postulate  the  following  normalized  unit  ramp: 


0 

y.  <  0 

::  **  t/K 

::/ct 

f 

0  <  x  <cc 

Cc  u  a/K 

l 

x  >  a 

where: 

a  m  0-100$  rise  time  of  a  finite  ramp. 

Equation  (li-^6 )  modified  as  described  above  consists  of 
two  parte;  the  initial  impulse  and  the  part  due  to  the  rest 
of  the  impulse.  Each  part  will  be  dealt  with  separately  and 
the  results  added.  In  normalized  fora  equation  (5-53)  is: 

ViWty  * 1/2  *  "F . --1,  ~  t  t  > 0 

♦  (VK0r  J 

•  0 


t  <  0  ( 5-^5 5 
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The  response  to  a  unit  ramp  r(x)  will  be  of  the  form: 


/y 

f(x)  r(y-x)  dx  (5-66) 


hla(y)  *  Vy) 


Considering  the  second  term  of  equation  (5-66)  in  conjunction 
with  equation  (5-65)  and  letting  x  •=  t/KQ  there  results 


1 

p 

it(l  +  x  ) 


r  (y-x)  dx 


(5 


•67) 


Observe  that  when  the  scale  change  x  «  t/KQ  is  made  in 
equation  (5-65),  f-^t/K^)  **  f^x),  preserving  tin  area  under 
to  impulse  response  to  be  unity.  Equation  (5-67)  must  be 
considered  in  three  parts  corresponding  to  the  three  parts 
of  r(x)  (equation  5-64) 


Case  I:  y  <  0  h.e  0 

lb 


(5-68) 


Case  II:  0  <  y  <  a 


v»-v- ;;(>?) 


jjy  tan"1  y  -  l/2  In  (l  y”)J  (5-69) 
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Case  III:  y  >  a 


v-’-WT  •*£.  0?)  rS 


-1 


*  l/it  tan  (y-u)  ♦  l/o*  x 


^  y  (tan"1  y  -  tan“1(y-u)^)  -l/2  In  (  ^  J  (5-70) 


If  the  appropriate  rawp  responses  are  included  in  h.  (y) 

J.0. 

the  required  equations  are  obtained: 


i^(y)  -  0 


y  <  0 


h1(y)«y/’^  +  l/««  y  tan'1  y  -  l/2  In  (l  *  y2)J  0  <  y  <  a 
hi(y)«l/a  +  l/«  tan  ^y-c)  +l/<xn  jy  (tan’1  y  -  tan-1(y-c<:)^ 


-  1/2  In 


'  1  ♦  (y-a)2  '  J 


y  >  a  (5-71) 


The  behavior  of  equations  (5-73)  is  correct  in  that 
h^(0 )  ■  0;  h^(a)  in  Case  III  reduces  to  that  of  Case  II; 

For  large  y,  h^yHg^y^lj  and  for  a~>0,  h^y^+g^y). 

For  ease  in  working  practical  problems,  equations  ( 5-71)  have 
been  put  in  graphical  form  and  are  shown  as  Fig.  5-3 •  Th© 
practical  use  of  Fig.  5-3  in  conjunction  with  the  curves  of 
Appendix  VII  will  now  be  shown  in  a  practical  example. 


148 


F.  Experimental  Verification: 

1»  Measurement  Procedure; 

A  theoretical  analysis  is  only  as  valid  as  its 
agreement  with  actual  Jesuits.  Let  us  proceed  then  to  an 
experimental  verification  of  Stripline  transient  behavior. 

At  the  time  that  the  transient  analysis  was  begun,  it 
was  thought  to  be  desirable  to  be  able  to  record  the  input 
and  output  waveforms  from  a  Stripline  configuration  on  graph 
paper.  Consequently,  a  study  was  undertaken  resulting  in  a 
report  included  as  Appendix  VIII.  This  report  compares 
oscilloscope  and  graphical  results  and  inposes  limitations 
on  the  speed  of  the  recording  sweep.  The  procedure  employs 
a  Lumatron  sampling  attachment  and  a  Ballantine  peak  read* 
lng  voltmeter.  As  can  be  seen  from  Fig.  2  of  Appendix  VIII, 
the  observed  pulses  were  those  of  an  SKL  pulse  generator*' 

To  observe  the  transient  response  of  a  Stripline  configuration 
then,  it  is  only  necessary  to;  (a)  record  the  output  pulse  of 
the  SKL  generator,  (b)  break  the  signal  line  between  the  gen¬ 
erator  and  the  Lumatron  delay  unit  and  Insert  the  device  and 
(c)  record  the  resulting  output  pulse  of  the  device.  Since 
the  system  is  assumed  linear,  any  degradation  of  the  SKL 
pulse  must  be  due  to  the  Stripline  device  (the  degradation 
due  to  the  rest  of  the  system  is  included  in  the  measurement 
of  the  SKL  pulse). 
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2.  Transient  Response  Example: 

In  order  to  use  the  theory  described  in  the 
preceding  sections,  it  is  first  necessary  to  approximate 
the  input  pulse  to  the  Stripline  device  by  a  series  of  ramps. 
Rather  than  use  a  graphical  recording  of  the  input  pulse,  it 
vas  decided  to  use  the  equivalent  oscilloscope  photograph. 
Consequently,  Fig.  5b  of  Appendix  VIII  vas  decided  on  and 
blown  up  to  8  X  10  inch  size.  It  vas  overlayed  with  graph 
paper  and  approximated  by  a  series  of  ramps.  The  result  is 
shown  as  Fig.  5-4.  The  reader  may  wonder  why  the  essentially 
straight  line  from  (0,  0)  to  (1.0,  0.834)  was  broken  into  the 
three  sections,  (0,  0)  to  (0.35,  O.283),  (O.35,  O.283)  to 
(0.715,  O.583)  and  (0.715,  O.583)  to  (1.0,  0.834).  This  was 
done  in  order  that  the  individual  ramps  would  fail  in  the 
range  of  the  tabulated  curves  of  Fig.  5-3  and  Appendix  VII. 

The  Stripline  device  under  investigation  vas  the  Spiral 
used  for  attenuation  measurements  in  Chapter  IV.  We  must 
therefore  first  find  the  values  of  KQ  and  p  which  respectively 
describe  the  dielectric  and  skin  effect  responses  of  the 
Spiral.  These  constants  can  be  found  from  equation  (5-25) 
which  was 


“  M  m7Wr 


K2  R  0) 

-  ■  -a-  -  neper  s/unit  length  (5-25) 


Define  K 

0 


*2*0* 
~s — 
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and 


0 


Ki 1 1 2 

L^J 


then 

nepers 

o 

Now 

1  neper  ■  8.68  db* 


sc 

a  (u>)  ■  8.68  (Kq  u>  +  42  6  u>)  db. 

From  Table  4-1  In  the  chapter  on  Stripline  attenuation, 
we  see  that 

frequency  a  theoretical  a  measured 

400  me  2.45  db  2.4  db 

3500  me  11.67  db  11.6  db 

Using  these  values  of  frequency  and  theoretical  attenuation 
(determined  from  the  graph  of  Fig.  4-7);  we  can  obtain  from 
equation  (5-73) 

0.282  -  25.2  K  X  108  +  7.1  X  10^  */fT 
0 

and 

1.35  -  220  K0  X  108  a  X  10 k'JJT 
Solving  equation  (5-74)  and  (5-75)  simultaneously;  ve  find 


that 


'0  -  7.3  X  10"12 


and 

K0  -  3-57  *  10'u 


(5-72) 


(5-73) 
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ft*  Dielectric  Response; 

Nov  that  the  constants  KQ  and  £  have  been 
obtained,  ve  can  use  Fig.  5-3  to  obtain  the  dielectric 
response  of  the  Stripline  Spiral.  The  four  ramps  obtained 


from  Fig. 

5-4  will  be  considered  individually.  The 

total 

dielectric  response  is  then  obtained  by  adding  the  individual 

responses  (superposition). 

al 

.  First  Ramp: 

Amplitude  *  O.283 

Rise  Time  ®  a  ■ 

0.35  X  10“9  sec, 

1 

a  ■  -5— 

Ko 

.  hi  X  iff'10  . 
0.357  x  10’10 

9.82 

t 

y  MMM 

t 

28  t  (t  in  10'9 

sec.) 

‘  «0 

3.57  x  10"11 

From  Fig. 

5-3 

t  (I0"y  sec.) 

X  »  28  t 

Response 

0.283  Response 

0.05 

1.40 

0.09 

0.025 

0.10 

2.8 

0.22 

0.062 

0.15 

4.2 

0.36 

0.102 

o.ao 

5.6 

0.48 

O.136 

0.25 

7.0 

0.62 

0.176 

0.30 

8.4 

0.75 

0.212 

0.35 

9.8 

0.88 

0.249 

0.40 

11.2 

0.93 

0.263 

0.4-5 

12.6 

0.96 

0.272 

| 

| 


t  (10-9  sec.) 

X  «  28  t 

Response 

0.283  Response 

0.50 

14.0 

0.97 

0.275 

0.55 

15.4 

O.98 

0.276 

0.60 

16.3 

1.0 

0.283 

0.65 

18.2 

1.0 

0.283 

0.70 

19.6 

1.0 

0.283 

0.75 

21.0 

1.0 

O.283 

0.80 

22.4 

1.0 

0.283 

0.85 

23.8 

1.0 

0.283 

0.90 

25.2 

1.0 

0.283 

0.95 

26.6 

1.0 

0.283 

1.0 

28.0 

1.0 

O.283 

1.05 

29.4 

1.0 

0.283 

1.10 

30.8 

1.0 

O.283 

1.15 

32.2 

1.0 

O.283 

1.20 

33.6 

1.0 

O.283 

1.25 

35.0 

1.0 

O.263 

The  last  column  nay  he  somewhat  confusing.  The  response 
of  Fig.  5-3  is  based  on  a  ramp  of  amplitude  unity.  Since  the 
first  ramp  has  only  an  amplitude  of  0.283,  the  response  of 
Fig.  5*3  must  be  adjusted  accordingly. 
a2.  Second  Ramp: 

Amplitude  -0.583  -  0.363  «  3.00 

Rise  Time  -  (O.715  -  0.350)  X  10’^  •  O.365  X  10 
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„?>* 


mm . iir~ 


**• 


t  (10"9  aec.) 

x  *  28  t 

Response 

0.30  Response 

0.05  -  0.35 

0 

0 

0 

0.10  -  0.35 

0 

0 

0 

0.15  -  0.35 

0 

0 

0 

0.20  -  0.35 

0 

0 

0 

0.25  -  0.35 

0 

0 

0 

0.30  -  0.35 

0 

0 

0 

0.35  -  0.35 

0 

0 

0 

0.40  -  0.35  -  0.05 

1.4 

0.09 

0.027 

0.45  -  0.35  -  0.10 

2.8 

0.21 

0.063 

0.50  -  0.35  -  0.15 

4.2 

0.34 

0.102 

0.55  -  0.35  -  0.20 

5.6 

0.46 

0.138 

0.6c  -  0.35  -  O.25 

7.0 

0.58 

0.178 

0.65  -  0.35  «  0.30 

8.4 

0.73 

0.214 

0.70  -  0.35  -  0.35 

9.8 

0.87 

0.261 

0.75  -  O.35  ■  0.40 

11.2 

0.93 

0.279 

0.00  -  0.35  *  0.45 

12.6 

0.95 

0.285 

0.85  -  0.35  -  0.50 

14.0 

0.96 

0.288 

O.90  -  0.35  *  0.55 

15.4 

0.97 

0.291 

O.95  -  O.35  «  0.60 

16.8 

1.0 

0.30 

1.00  -  0.35  -  0.65 

18.2 

1.0 

0.30 

1.05  -  0.35  -  0.70 

19.6 

1.0 

0.30 

1.10  -  0.35  -  0.75 

21.0 

1.0 

0.30 

1.15  -  0.35  ■  0.80 

22.4 

1.0 

0.30 

1.20  -  O.35  »  0.85 

28.8 

1.0 

0.30 

1.25  -  0.35  -  0.90 

25.2 

1.0 

0.30 

The  value  of  0.35  X  10  7  seconds  subtracted  from  the 

tine  in  column  one  may  cause  some  confusion.  Zt  must  be 

remembered  tliat  ve  are  Interested  In  the  superposition  of 

the  contribution  of  a  number  of  ramps.  If  ramp  one  starts 

at  time  t  *  0,  then  ramp  two  does  not  start  until  time 
-g 

t  *  0.35  X  10  seconds.  In  a  similar  manner  ramp  three 

-9 

begins  at  time  t  *  0.715  X  10  seconds  and  ramp  four  begins 
at  time  t  *  1.0  seconds. 

a3*  Third  Ramp: 

Amplitude  «  0.834  -  0. 583  *  0.251 
Rise  Time  «  (1.000  -  0.715)  X  lO"9 
-  0.285  X  10"9  sec. 

0.285  X  10"9  n  „ 
a  u - c - y.j  *  0.0 

3.57  x  10 


t  (10“9  sec. 
0.05  -  0.715 
0.10  -  0,715 
0.15  -  0.715 
0.20  -  0.715 
0.25  -  0.715 
0.30  -  0.715 


28  t 
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t  ( 10*9  sec . ) 

X  a  28  t 

Response 

0.251  Response 

0.55  -  0.715 

0 

0 

0 

0.60  -  0.715 

0 

0 

0 

0.65  -  0.715 

0 

0 

0 

0.70  -  0,715 

0 

0 

0 

0.75  -  0.715  «  0.035 

0.98 

0.076* 

0.019 

0.80  -  0.715  «  0.085 

2.38 

0.215 

0.054 

0.85  -  0.715  »  0.135 

3.78 

O.38 

0.095 

0.90  -  O.715  -  O.185 

5.18 

0.538 

O.138 

O.95  -  0.715  *  0.235 

6.58 

0.71 

0.173 

1.00  -  0.715  *  0.285 

7.98 

0.862 

0.216 

1.05  -  0.715  -  0.335 

9.38 

0.925 

0.232 

1.10  -  0.715  -  0.385 

10.78 

0.950 

0.238 

1.15  -  0.715  -  0.435 

12.18 

O.96 

0.240 

1.20  -  0.715  -  0.485 

13.58 

0.97 

■  0.243 

1.25  -  0.715  -  0.535 

14.98 

0.97 

0.243 

a4.  Fourth  Ramp; 

Amplitude  ■  1.00  - 

0.834  »  0.166 

Rise  Time  *  (1.15  ■ 

-  1.00)  X  10“9 

«  0.15  x 

10 “9  sec. 

g  ,  i£ 

3.57  X  10' 

■9 

nr  ■ 

t  ( 10”9  sec . ) 

X  m  28  t 

Response 

0.166  Response 

0,05  -  1*0 

0 

0 

0 

0.10  -  1.0 

0 

0 

0 

i '*'3 v,v«b *• . *<w <■  *wv»* * *-• 


.  rtrdjj# 
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t  (10 sec. ) 

X  -  28  1 

Response 

O.166  Response 

0.15  -  1.0 

0 

0 

0 

0.20  -  1.0 

0 

0 

0 

0.25  -  1.0 

0 

0 

0 

0.30  -  1.0 

0 

0 

0 

0.35  -  1.0 

0 

0 

0 

0.40  -  1.0 

0 

0 

0 

0.45  -  1.0 

0 

0 

0 

0.50  -  1.0 

0 

0 

0 

0.55  -  1.0 

0 

0 

0 

0.60  -  1.0 

0 

0 

0 

0.65  -  1.0 

0 

0 

0 

0.70  -  1.0 

0 

0 

0 

0.75  -  1*0 

0 

0 

0 

0.80  -  1.0 

0 

0 

0 

0.85  -  1.0 

0 

0 

0 

0.90  -  1.0 

0 

0 

0 

0.95  •  -  0 

0 

0 

0 

1.0  -  1.0 

0 

0 

0 

1.05  -  1.0  »  0.05 

1.4 

0.24 

0.039 

-1.10  -  1.0  «  0.10 

2.8 

0.534 

0.0 

1.15  -  1.0  -  0.15 

4.2 

0.830 

0.138 

1.20  -  1.0  -  0.20 

p.6 

0.905 

0.150 

1.25  -  1.0  «  0.25 

7.0 

0.930 

0.154 

■Wtow**#***.  ,  .  f 


f 


V 


< 
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a5.  Total  Dielectric  Response: 

The  total  dielectric  response  is  found 
by  adding  the  response  of  the  individual  ramps  at  a  given 

-9 

time.  For  instance,  the  total  response  at  time  t  «  1.25  X  10 
seconds  is 

(0.283  +  0.30  +  0.243  +  0.154)  «  O.98 
/  -9  \ 

t  (10  sec.)  Total  Dielectric  Response 


0.05 

0.026 

0.10 

0.062 

0.15 

0.102 

0.20 

0.136 

0.25 

0.176 

0.30 

0.212 

0.35 

0.249 

o.4o 

0.290 

0.45 

0.335 

0.50 

0.377 

0.55 

0.414 

0.60 

0.461 

0.65 

0.497 

0.70 

0.544 

0.75 

0.581 

0.80 

0.622 

0.85 

0.666 

0.90 

0.712 

•  .»/ l.T  virS  &Z  ''!23s«»«  ~ i.'—w&r&M. 
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.0“^  sec. ) 

Total  Dielectric  Response 

0.95 

0.761 

1.0 

0.799 

I.05 

0.854 

1.10 

O.907 

1.15 

O.962 

1.20 

O.967 

1.25 

0.980 

Total  dielectric  response  is  shown  in  graphical  form 
as  Fig.  5-5.  For  comparison,  the  input  pulse  approximation 
has  also  been  Included.  As  can  be  seen,  the  dielectric 
causes  the  rise  time  of  the  input  pulse  to  deteriorate  somewhat, 
b.  Skin  Effect  Response: 

Now  that  the  degradation  of  the  input  pulse 
rise  time  due  to  the  dielectric  has  been  taken  into  account, 
we  wish  to  examine  the  degradation  of  rise  time  due  to  skin 
effect.  This  is  done  by  approximating  the  dielectric  response 
shown  in  Fig.  5-5  by  a  series  of  ramps  and  applying  these 
ramps  to  the  graphs  of  Appendix  VII.  As  in  the  dielectric 
response  analysis,  the  ramps  were  chosen  so  that  they  fell 
in  the  range  of  the  graphs. 

bl.  First  Ramp; 

Amplitude  »  0.25 

_q 

Rise  Time  ■  a  ■  0.35  X  10  7  sec. 


ff'  - 


i.  5-5  TOTAL  DIELECTRIC  RESPONSE  OF  A  STRIPLINE  SPIRAL 
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t  ( 10  9  sec . ) 

Response 

0.25  Response 

0.90 

123.3 

0.89 

0.22 

0.95 

130.1 

0.89 

0.22 

1.0 

137.0 

0.90 

0.23 

1.05 

143.9 

0.90 

0.23 

1.10 

151.0 

0.90 

0.23 

1.15 

157-5 

0.90 

0.23 

1.20 

164.5 

0.90 

0.23 

1.25 

171.2 

0.90 

0.235 

As  was  the  case  in  the  dielectric 

response  analysis, 

the  graphs  assume  i 

a  ramp  of  unit  amplitude.  Column  four 

of  the  above  table 

adjusts  the  amplitude  of  the  Graph  to 

the  ramp  under  discussion. 

b2.  Second  Ramp: 

Amplitude  ■  0.62  -  0.25  *  0.37 
Rise  Time  «  (0.80  -  0.35)  X  10"9 
-  0.45  X  10 “9  sec. 

a.gJg„L12g  .61.7 

7*3  X  10 

Using  Pig.  4  of  Appendix  VII,  we  obtain  the  following  table. 


t  ( 10**9  sec . ) 

P  -  137  t 

Response 

0.37  Response 

0.05  -  0.35 

0 

0 

0 

0.10  -  0.35 

0 

0 

0 

0.15  -  0,35 

0 

0 

0 

0.20  -  0.35 

0 

0 

0 

t  (10“9  sec. ) 

P  -  137  t 

Response 

0.37  Response 

0.25  -  0.35 

0 

0 

0 

0.30  -  0.35 

0 

0 

0 

0.35  -  0.35 

0 

0 

0 

0.40  -  0.35  -  0.05 

6.85 

0.04 

0.02 

0.45  -  0.35  ■  0.10 

13.7 

0.08 

0.03 

0.50  -  0.35  -  0.15 

20.6 

0.23 

0.09 

0.55  -  0.35  -  0.20 

27.4 

0.32 

0.12 

0.60  -  0.35  «  0.25 

34.3 

0.36 

0.13 

O.65  -  0.35  -  0.30 

41.1 

0.47 

0.17 

0.70  -  0.35  -  0.35 

>(8.0 

O.58 

0.22 

0.75  -  0.35  -  0.1(0 

54.8 

0.64 

0.24 

0.80  -  0.35  «  0.45 

61.7 

0.73 

0.27 

O.85  -  O.35  -  0.50 

08.5 

0.77 

0.29 

0.90  -  O.35  «  O.55 

75.4 

0.80 

0.29 

0,95  -  0.35  -  0.60 

82.2 

O.83 

0.31 

0.0  -  0.35  -  0.65 

89.1 

O.85 

0.32 

1.05  -  0.35  -  0.70 

91.0 

0.86 

0.32 

1.10  -  0.35  ■  0.75 

102.8 

0.86 

0.32 

1.15  -  0.35  -  0.80 

109.5 

0.87 

0.32 

1.20  -  0.35  -  0.85 

116.5 

0.87 

0.32 

1.25  -  0.35  -  0.90 

123.3 

0.88 

0.33 

It  vill  be  noted 

that  O.35  x 

-9 

10  seconds 

is  svbi  looted 

from  all  values  of  tine  in  column  one.  The  reasoning  is  the 
saroe  as  that  used  in  the  dielectric  response,  i.e.,  the 
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second  ramp  does  not  begin  until  ramp  one  has  been  on  for 

.a 

0.35  X  10  seconds. 

b3*  Third  Ramp; 

Amplitude  »  O.96  -  0.62  *  0.34 
Rise  Time  -  (1.15  -  0.80)  X  10“ 9 
«  0.35  X  10  "9  sec. 

q  .  2i3?  *  Ip'g  .48 

7.3  x  10 


Using  Appendix  VII, 

Fig*  Ji 

t  (10’9  sec.) 

P  »  137  t 

Response 

0.34  Response 

0.05  -  0.80 

0 

0 

0 

0.10  -  0.80 

0 

0 

0 

0.15  -  0.80 

0 

0 

0 

0.20  -  0.80 

0 

0 

0 

0.25  -  0.80 

0 

0 

0 

0.30  -  0.80 

0 

0 

0 

0.35  -  0.80 

0 

0 

0 

0.40  -  0.80 

0 

0 

0 

0.45  -  0.80 

0 

0 

0 

0.50  -  0.80 

0 

0 

0 

O.55  -  0.80 

0 

0 

0 

0.60  -  0.80 

0 

0 

0 

0.65  -  0.80 

0 

0 

0 

0.70  -  0.80 

0 

0 

0 

0.75  -  0.80 

0 

0 

0 

0.80  -  0.80 

0 

0 

0 

-9 

t  {10  sec. 


Response  0.34  Response 


0.85  -  0.80  » 

0.05 

6.85 

0.04 

0.01 

0.90  -  0.80  * 

0.10 

13.7 

0.14 

0.05 

0.95  -  0.80  * 

0.15 

20.6 

0.2> 

0.09 

1.0  -  0.80  ■ 

0.20 

27.4 

0.35 

0.12 

1.05  -  0.80  « 

0.25 

34.2 

0.44 

0.15 

1.10  -  0.80  - 

0.30 

41.1 

O.58 

0.20 

1.15  -  0.80  - 

0.35 

48.0 

0.70 

0.24 

1.20  -  0.80  ■ 

0.40 

54.8 

0.73 

0.25 

1.25  -  0.80  - 

0.45 

61.7 

0.80 

0.27 

b4.  Fc 


Amplitude  *  1.0  -  O.96  *  0.04 
Rise  Time  -  (1.31  -  1.15)  X  10' 
*  0.16  X  10 “9  sec. 


,,  Q.l6  X  10^' 


21.9 


7.3  x  10 

For  an  a  of  21.9,  Fig*  3  of  Appendix  VII  was  used  to  determine 


the  table  for  the  fourth  ramp. 
t  (10"9  sec.)  o  ■  137  t 


Response  0.04  Response 


0.05  -  1.15 
0.10  -  1.15 
0.15  -  1*15 
0.20  -  1.15 
0.25  -  1.15 
0.30  -  1.15 


t  (10 

-9  \ 

sec. ) 

P  -  137  t 

Response 

0.04  Response 

0.35 

-  1.15 

0 

0 

0 

0.40 

-  1.15 

0 

0 

0 

0.45 

-  1.15 

0 

0 

0 

0.50 

-  1.15 

0 

0 

0 

0.55 

-  1.15 

0 

0 

0 

0.60 

-  1.15 

0 

0 

0 

0.65 

-  1.15 

0 

0 

0 

0.70 

-  1.15 

0 

0 

0 

0.75 

-  1.15 

0 

0 

0 

0.80 

-  1.15 

0 

0 

0 

0.85 

-  1.15 

0 

0 

0 

0.90 

-  1.15 

0 

0 

0 

0.95 

-  1.15 

0 

0 

0 

1.0 

-  1.15 

0 

0 

0 

1.05 

-  1.15 

0 

0 

0 

1.10 

-  1.15 

0 

0 

0 

1.15 

-  1.15 

0 

0 

0 

1.20 

-  1.15 

6.85 

0.12 

0.005 

1.25 

-  1.15 

13.7 

0.33 

0.013 

b5.  Total  Skin  Effect  Response: 

Total  skin  effect  response  is  found  by 

adding  up  the  contributions  of  the  Individual  reaps  at  a 

-9 

given  time.  Thus,  for  t  ■  1.25  X  10  seconds  the  total 
response  is  (0.235  +  0.33  +  0.27  +  0.013)  »  0.84 
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Nov  the  total  skin  effect  response  Is  really  the 

transient  response  of  the  Spiral,  since  we  started  by 

approximating  the  dielectric  response.  Figure  5-6  presents 

the  results  in  graphic  form. 

A  photograph  of  the  transient  response  of  the  Stripline 

Spiral  was  made  utilizing  the  method  described  in  section  F  1, 

The  signal  line  between  the  pulse  generator  and  the  Lumatron 

delay  unit  was  broken  and  the  Spiral  inserted.  The  resulting 

waveform  was  photographed  and  blown  up  to  8"  X  10"  size. 

This  picture  is  included  for  comparison  and  follows  Fig.  5-6. 

Correlation  between  the  theoretical  transient  response  given 

by  Fig.  5-6  and  measured  transient  response  given  by  the 

picture  following  Fig.  5-6  is  quite  #ood.  Both  have  rise 

-9 

times  of  about  1.25  X  10  seconds. 

liQ 

Wigington  also  did  an  example  of  his  paper  although 
his  calculations  were  not  included.  His  input  pulse  is 
shown  as  Fig.  5-7*  The  theoretical  vs.  measured  response 
of  his  Spirals  are  shown  as  Fig.  5-8.  A  summary  of  the 
characteristics  of  these  Spirals  are  included  as  Appendix  IX. 


TIME  IN  (O'9  SECONDS 


Fig. 5- 6  THEORETICAL  TRANSIENT  RESPONSE  FORA 
STRIPLINE-  SPIRAL 
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Fig.  5-i  APPROXIMATION.  Q :  TEST) PULSE 
STRIPUNE  .SPIRALS  A  Ond  B 


<Jnd  B 


COMPARISON  OF  DATA  AND  CACULATION 


IN  lO^SEC. 
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G.  Stannary 

We  have  seen  that  knowing  copper  and  dielectric  thickness, 
dielectric  constant,  loss  tangent  and  desired  characteristic 
impedance,  we  can  find  the  transient  response  of  a  Stripline 
device.  The  analysis  proceeds  in  the  following  steps:  (l) 
ai^prcxioate  the  input  pulse  by  a  series  of  ramps,  (2)  apply 
these  ramps  to  the  graph  of  Pig.  5-3  and  add  the  contribution 
of  the  individual  ramps  to  obtain  the  dielectric  responre, 

(3)  approximate  the  dielectric  response  by  a  series  of  ramps, 
and  (  -0  apply  these  ramps  to  the  graphs  of  Appendix  VII  and 
odd  the  individual  contributions  to  obtain  the  skin  effect 
response.  This  response  is  the  transient  response  since  we 
have  taken  dielectric  degradation  into  account  by  considering 
dielectric  response  as  the  input  pulse  to  the  skin  effect 


analysis 
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APPENDIX  I 


SIZE  AND  COST  CALCULATIONS  FOR  A 
1000  LOGICAL  ELEMENT  COMPUTER 


A.  Waveguide  Construction . 

1.  Size 

Logical  operations  in  waveguide  may  be  performed 
through  the  use  of  a  Magic  Tee.  The  dimensions  of  a 
commercially  available  3  kmc  Magic  Tee  are  shown  in  Fig  Al-1. 


Fig  Al-1  A3  kmc  Magic  Tee 

To  allow  for  terminations  and  space  occupied  by 
interconnecting  cables,  assume  each  Magic  Tee  occupies  1  cu.  ft. 
One  Thousand  Magic  Tee’s  would  therefore  occupy  1000  cu.  ft. 


aSKS***"  ' :  *■ 
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A2 


2o  Cost 

The  catalog  retail  price  of  a  3  kxuc  Magic  Tee 
is  $l60.  The  cost  of  1000  Magic  Tee's  would  therefore  be 
#160,000. 

B.  Stripline  Construction. 

1.  Size 

logical  operations  in  '  Stripline  may  be  performed 
through  the  use  of  Hybrid  Rings.  The  theory  of  the  Hybrid 
Ring  dictates  that  its  minimum  circumference  be  1.5  X..  where  X. 

O  © 

is  the  wavelength  in  Stripline.  The  configuration  of  a 
Hybrid  Ring  is  shown  as  Pig  Al-2. 


Pig  Al-2  Configuration  of  a  Hybrid  Ring 
The  free  space  wavelength  at  3  kmc  may  be  found  from 


the  relation 


_8 


Stripline  wavelength  is  related  to  free  space  wavelength 


where  e  is  the  relative  permitivity  of  the  dielectric, 
r 

Present  day  Stripline  lias  a  Glass  Teflon  dielectric  whose 
relative  permit ivity  is  2.82.  The  wavelength  in  Stripline 
is  then: 

“  X  »  10  cm  m  9.95  cm 


The  circumference  of  the  Hybrid  Ring  is  then; 

C  *  1.5  X  -  1.5  x  5.95  *  Q.93  cm  (Al-3) 

This  circumference  corresponds  to  a  diameter  of 

D  ■  *  8.93  cm  «  2.84  cm  ■  1.12  in  (Al-4) 

Jl  n 

This  stray  coupling  between  rings  must  be  considered 
next.  It  has  been  noted  in  literature  that  "separation  by 
approximately  the  ground  plane  spacing  is  sufficient  to  achieve 
negligible  coupling  between  adjacent  lines'.'1  Application  of 
this  statement  to  a  ground  plane  spacing  of  l/8  inch  leads 
to  the  conclusion  that  the  adjacent  Hybrid  Ring  should  be  at 
least  l/4  inch  apart.  For  our  approximation  let  each  Hybrid 
Ring  be  centered  on  a  square  of  Stripline  1  l/2  inches  in 
a  side.  Nov  suppose  the  1000  logical  element  computer  is 


kh 

constructed  of  100  sheets  of  Stripline  with  10  Hybrid 
Rings  per  sheet.  Each  sheet  will  be  15  inches  on  a  side 
and  1/8  inch  thick.  A  stack  of  100  sheets  would  therefore 
occupy  about  2  cu.  ft. 

2.  Cost. 

The  cost  of  producing  a  1000  logical  element 

Stripline  computer  can  be  broken  down  as  follows: 

200  Double  Clad  Teflon  Fiberglass  boards  $4,000.00 

Developer,  Sensitizer,  and  Laquer  $  100.00 

Labor,  Art  Work  and  negative  $  500.00 

Drilling  and  shearing  $1,000.00 

$4,700.00 

It  must  be  remembered  that  Stripline  consists  of  two 
Double  Clad  boards  sandwiched  together.  Therefore  200 
double  clad  boards  are  required  for  100  Stripline  components. 


APPENDIX  II 


A  DISCUSSION  OF  THE  TEM  MOPE 

,  20 

A.  Maxwell  s  First  Lav. 

The  first  set  of  equations  is  based  on  the  circuital 
law  of  Magnetism  which  in  equation  fora  and  in  rationalized 
units  is:  j  R  dl  **  I  (A2-l) 

where  H  is  the  magnetic  field  intensity  in  amperes  per  meter 
and  1  is  the  displacement  or  distance  along  the  closed  path 
which  encircles  the  current.  In  this  derivation,  the  current 
I  is  expressed  in  amperes  and  is  equal  to  the  sum  of  con¬ 
duction  and  displacement  currents,  and  the  displacement  1 
is  expressed  in  meters,  (it  is  understood  that  in  general 
H  is  a  function  of  both  time  and  space). 


Fig  A2-1  Element  of  volume  in  the  electromagnetic  field. 

Cartesian  Coordinates. 
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If  all  space  is  assumed  to  be  filled  with  electric  ! 

♦ 

currents  and  the  associated  magnetic  fields,  it  is  a  ! 

relatively  simple  matter  to  establish  the  relationships 
between  the  space  variations  in  H  and  the  current  densities 
which  exist  at  any  point  in  space.  This  set  of  relation¬ 
ships  is  sometimes  referred  to  as  Maxwell's  first  law. 

Let  Pig  A2-1  represent  an  elemental  section  of  space  filled 
with  electric  and  magnetic  fields,  and  with  the  associated 

currents.  Also  p  ,  p„  and  p  represent  the  current  densities 

x  y  z 

in  the  x,  y  and  z  directions  respectively.  The  magnetic- 
field  intensities  along  the  x,  y  and  z  axis  respectively  will 
be  represented  by  H^,  Hy  and  H^.  The  general  principle 
involved  in  the  establishment  of  the  first  equation  to  be 
considered  can  be  seen  by  treating  only  one  surface  of  the 
element  of  volume.  Assume  that  the  area  oebao  is  selected. 

Through  this  area  the  total  current  is 

Ix  -  Pxdydz  -  pxdA  (A2 -d) 

Around  the  boundary  of  this  surface  there  exist  magnetic 

i 

intensity  or  H  vectors,  two  of  which  are  indicated  in  Fig 

A2-1,  namely  H  along  the  dy  path  and  H  along  the  dz  path, 
y  z 

The  magnetic  potential  drops  around  the  oebao  loop 

, 

1 


taken  individually  are: 


A7 


dUl{ along  oc)  Hydy 

d(H  dz) 

dU2( along  cb)  *  Hzdz  +  ^  y  ' 

T  ^(H  dy)  1 

dU3( along  ba)  "  “  LV7  *  dC  J 

d^4( along  ao)  "  **zdz 


-  H  dz  dydz 

Z  * 

dH 

-  “  Hydy  -  ^  dydz 


In  arriving  at  these  expressions  It  Is  of  course  recognized 
that  dz  Is  not  a  function  of  y  and  neither  is  dy  a  function 
of  z.  The  four  magnetic  potential  drops  are  to  be  taken  in 
the  ocbao  direction  around  the  loop  since  4*  1^  establishes 
H  vectors  in  this  direction  around  the  loop  in  accordance 
with  the  right -hand  rule* 

From  the  circuital  lav  of  magnetism  (equation  A2-l), 
it  is  plain  that 


or 

d  H 

d  h 

_ _ z 

_  _ X 

dy 

dz 

(A2-4) 


In  this  equation  p  the  current  density  existing  over 
the  dydz  face  and  directed  along  the  x  axis  is  made  up  of 


two  parts.  One  is  the  conduction  current  density  gE„>  where 

A 

S  is  the  specific  conductance  per  unit  volume  and  E„  is  the 
x  component  of  the  electric -field  intensity  .in  volts  per 
meter.  The  other  is  the  displacement  current  density, 


t  where  is  the  electric  flux  density.  Since  D  *  e  E, 
where  €  is  the  permittivity  of  the  medium,  the  total  current 
density  may  be  written, 

P  *  gE,f  +  c  ^x 


Equation  (A2-4)  now  becomes 

dii  an 


aH  as 

-  ■-  m  gE  +  €  — — 

a*  x  at 


(A2-5) 


In  an  exactly  similar  manner  two  other  equations,  for  the 
remaining  two  coordinate  directions,  may  be  derived.  They  are 


aH, 

an 

as 

_ X 

az 

_ z 

a  x 

* 

4.  e  — -i 

a  t 

(A2-6) 

anv 

aH 

as 

dx 

X 

“ 

+  e  _ £ 

(A2~7) 

ay 

z 

at 

These  three  equations  together  make  up  the  expression  of  one 
of  Jlaxwell's  laws.  They  express  three  of  the  necessary  relations 
which  must  always  exist  between  H  and  *  in  the  electromagnetic 


field. 
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B.  Maxwell' 8  Second  Lav. 

Equations  (A2-5),  (A 2-6)  and  (A2-7)  are  based  on  the 
circuital  law  of  magnetism.  Another  set  of  three  equations 
based  on  Faraday's  law  will  now  be  derived.  Again  Fig  A2-1 
will  be  used  with  the  p's  replaced  by  flu::  densities  B  and 
with  the  H's  giving  place  to  corresponding  electric 
intensities  (E's)  expressed  in  volts  per  meter. 

Consider  the  area  ocbao  and  assume  that  the  flux  density 
is  decreasing  so  that  its  derivative  with  respect  to  time 
is  negative.  Also  assume  for  the  moment  that  the  boundaries 
of  the  area  are  fine  wires,  with  practically  infinite  resistance 

t 

if  we  wish,  in  which  emf  *s  are  induced  by  the  time  rate  of 
c  .  •  ’ge  of  B  .  The  decrease  of  flux  through  the  area  will  in- 
duce  a  voltage  e  in  the  wire  boundary  which  will  be  in  the 
sense  ocbao.  The  magnitude  of  this  voltage  is  given  by 
Faraday's  law  to  be 


(A2-8) 


where  E  is  the  electric  intensity  vector 

1  is  the  displacement  directed  along  the  periphery 
of  loop  oabco 

♦is  the  magnetic  flux  crossing  the  dydz  surface 

A 

Bxis  the  flux  density  at  the  dydz  surface 


vr%i  ££rJSg- a£<R,^kS!S 


i 

; 

A10 

The  minus  sign  accounts  for  the  fact  that  the  voltage 
induced  in  the  ocbao  loop  is  measured  by  the  time  rate  of 

! 

decrease  of  magnetic  fltu:  through  the  loop.  { 

i 

The  electric  potential  differences  around  the  closed  J 

path  ocbao  (taken  in  the  right-hand  screw  direction  around 
4B£)  are  individually 


dvl( along 

oc) 

-  Ey<*y 

d(E  dz) 

c2S 

<7 

dv2( along 

cb) 

**  E  dz  + -  dy  *  E  dz 

2  dy 

+  — 
d  y 

dydz 

r  b(E dy)  I 

b  Ey 

dv3( along 

ba) 

■  -  E  dy  + — —  dz  « 

L  y  bi  J 

-Eydy 

8  z 

dv4( along 

ao) 

*  -  E  dz 
z 

From  equation  (A2-8)  it  is  seen  that 

'd  E 


e  ■  dv^  dv^  dv^  +  dVj» 


/a  e  a  E  \ 

(  -£ - *  Jdydz 

V  a  ..  a  a/ 


a  b 

.  — dydz  (A2-9) 
o  t 


Recognizing  that  B  *  H  H 

wC  wi 


8  e  a  e  a  h 
— -  _  — sc  «  >  p 

8  y  a  z  ^  t 


X 


(A2-10) 


If  the  same  procedure  is  applied  to  faces  dxdz  and  to  dxdy 
respectively,  we  find  that: 


i 


_ X  _  _ z 

b  z  b  x 


(A2-11) 


(SB 

dE, 

8h 

j*. 

*  -  H  — - 

3  x 

b  y 

d  t 

(A2-12) 


Equations  (A 2-5)  through  (A2-7)  and  (A2-10)  throiush  (A2-12) 
are  generalized  solutions  to  Maxwell ' s  first  two  law3  in 
Cartcsitui  coordinates.  \/e  are  interested  primarily  in  the 
steady  state  sinusoidal  solution.  Since  the  H’s  and  E's  of 
the  above  equations  are  functions  of  Lime  and  space,  we  nay 
therefore  make  the  substitutions: 


E ,  « 

E 

X 

e( J  <ot  - 

rz) 

(A2-13) 

E  « 

y 

E~ 

y 

€(j  - 

Xz) 

(A2-14) 

£  - 

z 

IT 

z 

£(j  U)t  - 

rz) 

(A2-15) 

H„  «* 

4  W 

c 

/k 

€(J  - 

Yz) 

(A2-16) 

Hy- 

H" 

y 

€(j  tit  - 

Yz ) 

(A2-17) 

IT 

z 

€(J  ®t  - 

Yz) 

(A2-18) 

:  the 

iPa  and  E’s  are 

functions  of  space  only, 

V  is  the 

propagation  constant  and  z  is  the  assumed  direction  of 
propagation. 


If  equations  (A2-13)  -  (A2-l8)  are  substituted  in 
equations  (A2-5)  thru  (A2-7)  and  (A2-10)  thru  (A2-12), 
the  following  relations  are  obtained  (assuming  g  »  0): 


A12 


a  E 

z 

ay 

•  rEy 

B 

-  j  03  ^ 

Hx 

(A2-19) 

3  K 

Z 

a  x 

» 

-  j  03  (i 

H~ 

y 

(A2-20) 

d  E~ 

a  e 

_ 1 

_ X 

n 

“  j  W 

C 

(A2-21) 

3  x 

a  y 

z 

a  IT 

_ z 

nf 

« 

j  03  e 

r 

(A2-22) 

a  y 

y 

X 

a  r 

-r  T 

z 

* 

j  03  6 

E~ 

(A2-23) 

x 

a  x 

y 

a  if 

a  h" 

_ i 

_ _ X 

o 

E~" 

(A2-24 ) 

a  x 

a  y 

z 

Equations  (A2-19)  -  (A2-24)  may  be  solved  simultaneously  for 
the  E*s  and  TTsi.  The  results  are: 
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2 

where  k^«=  to  p  € 

C .  Maxwell^  Third  Law.*^ 

Consider  n  small  rectangular  prism  with  its  edges  parallel 
to  three  coordinate  axis  X>,  Y  and  Z,  as  in  Fig  A2-2.  The 
limiting  case  is  to  be  considered,  in  which  the  prism  is  so 
small  that  its  edges  are  dx,  dy  and  dz  in  length.  Fig  A 2-2 
shows  a  side  view  of  this  prism,  with  the  plane  of  the  figure 
parallel  to  the  X-Y  plane.  We  are  looking  upon  a  side  with 
area  dx  dy.  Each  end  has  area  dy  dz,  and  the  top  and  bottom 
dx  dz. 


I 


Pig  A2-2  Derivation  of  Divergence 

This  small  prismatic  volume  is  located  in  a  vector 
field  which,  for  convenience,  we  will  call  D.  Flux  lines 
of  this  field  pass  through  the  prism,  entering  through  one 
surface  and  leaving  through  another.  We  wish  to  find  how 
many  lines,  if  any,  originate  within  the  volume. 

Referring  to  Fig  A2-2,  the  number  of  flux  lines  enter¬ 
ing  the  left-hand  side  of  the  prism  is  equal  to  the  are.'„  of 
the  left-hand  surface  times  the  normal  component  of  field 
strength,  which  is  Dy  dy  dz.  The  number  leaving  the  right- 
hand  surface  is  different  if  Dv  changes  in  the  distance  dx. 

A 

If  D ,  is  changing  at  the  rate  ^  Dx  as  one  passes  from  left 
x  oi  x 

to  right,  the  amount  of  change  in  the  distance  dx  is 

^  P 

x  dx.  Hence  the  number  of  flux  lines  leaving  the  right - 
3  x  ^  D 

hand  surface  is  (Dv  ♦  °  x  dx)  dy  dz.  Subtracting,  the 

x  rr 

number  of  lines  that  leave  the  right-hand  side  in  excess  of 
the  number  that  enter  the  left-hand  side  is  ^  Dx  dx  dy  dz. 

sir 


Similarly,  the  number  of  lines  leaving  the  top  of  the  prism 
in  excess  of  those  entering  the  bottom  is  ^  Dy  dy  dx  dz; 
and  the  number  leaving  the  front  surface  is  greater  than  the 
number  entering  the  bad:  by  ^  ^z  dz  dx  dy. 

<5T” 

Combining  these  quantities,  the  total  number  of  flux 


linos  leaving  the  volume  that  do  not  enter  it  is 


/  d  D  d  D  d  D  \ 

(  - -  «.  - ^  ♦  - —  J  dx  dy  dz  (A2-29) 

'  S  x  dy  dz*' 


But  divergence  is  defined  as  the  number  of  flux  lines 
originating  per  unit  volume;  so,  if  the  volume  of  the  prism 
is  dv, 


♦ 


d  D  \ 
— £  ) 
d  z  ^ 


(A2-30) 


Since  the  volume  of  the  prism  dv  is  equal  to  dx  dy  dz,  it 
follows  that 


d  D  d  D  d  D 

V  ‘  D  -  - -  +  - 2  +  - -  (A2-31) 

d  x  d  y  d  z 


Nov  consider  that  space  is  divided  into  an  unlimited 
number  of  small  cells  of  volume  dv,  as  in  Pig  A2-2.  The 
number  of  flux  lines  leaving  one  such  cell,  marked  MaM  in 
the  figure,  is  greater  than  the  number  entering  that  cell  by 
V  *  D  dv.  The  number  originating  within  the  adjoining  cell 
"bM  is  likewise  the  divergence  at  that  location  times  the 


volume  of  that  cell.  The  number  of  lines  emanating  from 
the  two  cells  together,  considered  as  a  unit,  i3  the  sum 
of  the  two  products  of  divergence  and  volume.  Adding  more 
cells  to  the  group  thus  begun,  the  number  of  lines  of  flux 
issuing  from  any  volume  is  greater  than  the  number  entering 
that  volume  by  the  summation  (or  integral)  of  all  the  indi¬ 
vidual  products  of  divergence  and  volume.  Hence, 

Excess  outward  flux  »  /  V  *  D  dv  *  Q  (An-3^) 

J  v 

The  flux  of  the  vector  field  D  passing  through  an  urea  a  is 
defined  as 

J  D  *  da  (A2-33) 

and  from  this  it  follows  that  the  net  flux  passing  outward 
through  any  closed  surface  (the  excess  of  the  outward  flux 
over  the  inward  flux)  is  found  by  integrating  over  the  whole 
closed  surface: 

J  D  •  da  (A2-3!0 

Now  equation  (A2-3*0  and  equation  (A2~3<2)  are  different 
expressions  for  the  same  quantity  of  flux  and  hence  may  be 
equated,  giving 


Al? 


/ 


D 


D  dv  ■  Q 


(A2-35) 


In  any  region  in  which  there  is  no  electric  charge,  so 
Q  b  o,  J  (V  •  D)  dv  «  0,  and  hence  the  7  •  D  *  0  (Aii-36) 

D.  Maxwell's  Fourth  I^aw. 

A  basic  experiment  in  the  theory  of  magnetic  fields 
leads  to  the  equation 

j>  B  •  da  -  0  (A2-37) 

Applying  Gauss'  theorem  to  this  experimental  result,  it 
appears  that  the  magnetic  field  has  no  divergence  under  any 
circumstances,  i.e. 


7  •  B  *  0 


(A2-3S) 


The  discussion  of  Maxwell's  first  and  second  lavs  is 

20 

essentially  that  of  Ware  and  Reed,  while  the  discussion  of 

21 

the  third  and  fourth  laws  follow  Skilling  closely. 


E.  The  Wave  Equations  Governing  Electric  and  Magnetic 
Phenomena  in  Charge-Free  Dielectric. 

We  now  wish  to  operate  on  Maxwell’s  equations  to  obtain 

the  wave  equations.  Consider  a  dielectric  containing  no  charges 


> 
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f 

Al8  ^ 

and  with  zero  conductivity,  so  that  there  are  no  conduction  j 

i  *» 

» 

currents  in  the  dielectric.  Since  these  are  the  conditions  ! 

|  » 

implied  in  the  previous  development  of  Maxwell’s  laws,  the  j  •. 

final  equations  can  just  be  reproduced  for  convenience.  j 

They  are:  j 

V  x  H  -  e  (A2-5)  thru  (A2-7) 

V  x  E  *»  (A2-10)  thru  (A2-12) 


V  •  D  -  0 


(A2-36) 


V  •  B  -  0  (A2-38) 

It  will  be  observed  that  the  first  two  equations  have  been 
written  in  their  vector  form  rather  than  in  the  expanded 
Cartesian  coordinate  form  used  previously.  This  was  done 

i 

simply  for  convenience  in  developing  the  wave  equations.  The  j 

reader  unfamiliar  with  vector  operations  will  find  an  adequate  j 

21 

discussion  in  Skilling.' 

In  order  to  realize  the  wave  equations,  let  us  first 
take  the  curl  of  (A2-10)  thru  (A2-12) 
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ji  7  x 


o  H 

3"t 


(A2-39) 


Now  there  id  an  identity  in  vector  analysis  which  states; 


7  xA  *  -T^A  4*  V  (  7  *  A  ) 


(A2-40) 


Substituting  (A2-40)  into  (A2-39) 


7  (  7  •  E 


-p,  7  x 


d  H 

Tt 


(A2-4l) 


But  by  equation  (A2-j6) 


7  •  D  *  7  •  €  E  *  0 


(A2-36) 


Inserting  (A2-36)  into  (A2-4l),  there  ip  obtained 

i 


7 


E 


„  &  H 


(A2-42) 


A  little  reflection  reveals  that  E  aqd  H  are  continuous 

i 

functions  of  time  'laid  apace  and  that  their  partial 

I 

derivatives  nay  be<  taken  in  any  order.  Utilizing  this 

I 

result,  equation  (A2-42)  can  be  put  Jjn  the  form 


2 

7  E  ■ 


frt  < v,cH  > 


(A2-43) 
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But  equation  (A2-5)  thru  (A‘^-7)  states 

« 

i 

7xH-£y|  (A2-5)  thru  (Al-7)  , 

I 

( 

! 

Inserting  this  result  in  (A22-44),  ve  get  * 

V  (  e  Sjf  )  (A2-i|.;0 

or 

■  i 

V  JB  ®  u  e  - T7 

dt4* 

This  is  the  general  form  of  the  \/e.ve  equation.  A  wave 
equation  in  terns  of  II  can  also  be  obtained  simply  by 
starting  with  equations  (A2-5)  thru  (A2-7)  and  proceeding 
in  precisely  the  some  wanner  as  in  the  electric  field  case. 

The  result  is: 

V  *  \i  €  -^3-2  (A2-46) 

dt2 

Again  ve  assumed  a  sinusoidal  steady  state  solution,  so  j 

that  the  E’s  and  H's  of  equations  (A2-h5)  and  (Al-46)  are  j 

those  of  eqiations  (A2-13)  thru  (A2-l8) .  Therefore  for  f 

sinusoidal  variations  equation  (A 2-45)  may  be  written  as:  § 

V  :  E  «  -  o?  n  e  E 

and  (Pui-h(>)  as: 

V  2H  »  -  to2  y  e  H 


(A2-4?) 

(A2-48) 
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Nov  aa  was  used  in  equations  (A2-25)  thru  (A2-28) 
let  k^  *  a)2  }i€.  Making  this  substitution,  equation 
(A2-47)  becomes: 

7  »  -  k^E  (A2-49) 

and  relation  (A2-48)  becomes: 

7  ‘l!  «  -  leg'll  (A2-‘J0) 


Now  let  us  look  at  the  expanded  form  of  equations  (A2-!:9) 
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(A2-^l) 


Equation  (A2-50)  is  similar  in  form.  It  should  be  obvious 
by  inspection  that  (A2-4-9)  con  be  split  into  ivo  parts  as 
follows : 

c£E  -  -k,2£  (A2-52) 


* 


V2  E  + 
xy 


Assuming  our  sinusoidal 


variation  E  €(Juyt"^*); 


(A2-53) 


Substituting  (A2-53)  into  (A2-52),  we  obtain 

-  -  (T2  ♦  kx2)  E  (A2-^i) 

Equation  (A2-I30)  is  operated  in  a  similar  manner  to  obtain 


V 


(A d-y>) 


The  mode  of  propagation  under  discussion  is  the  TEM 

inode.  This  mode  is  characterised  by  the  property  that  the 

13  and  II  fields  in  the  direction  of  propagation  is  zero  i.e. 

if  Z  is  the  direction  of  propagation,  E,  and  H  are  zero. 

The  general  rcla Lions  between  wave  components  as  expressed 

by  equations  (A1-2J3)  thru  (Ai-ii8)  show  that  with  E  and  H 

z  z 

zero,  then  all  other  components  must  of  necessity  also  be 

i  2 

zero,  unless  j  +  k^  is  at  the  same  time  equal  to  zero. 

Thus,  a  transverse  electromagnetic  wave  must  satisfy  the 
condition 

T2  ♦  kx2  -  0  (A2-15G) 

or 

r  -  iJkj-  ±^f  IX  e 


If  equation  (A 2-l>0)  i3  inserted  in  equations  (A2-5h)  and 
(A2-|3l>)>  then  is  obtained 


and 


V2  E  «  0 

xy 


V2  H  -  0 
xy 
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(A2-57) 


(A2-58) 


But  relations  (A2-157)  and  are  Laplace* s  equations 

Tor  E  and  II  in  the  transverse  plane.  Since  E  and  H  are 

2)  Z 

zero,  the  field  is  transverse.  The  solutions  for  Laplace's 
equation  are  electric  and  magnetic  fields  under  static  conditions. 
Therefore  we  may  conclude  that  the  TEM  mode  is  exactly  a  static 
distribution  and  analyze  it  as  such.  The  equations  for  Zo, 
velocity  in  thd  medium,  etc.  ore  the  same  as  those  for  any 
standard  transmission  line. 
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APPENDIX  III 

ELEMENTS  OP  COMPLEX  VARIABLE  THEORY  AND  A 
DISCUSSION  OP  THE  SCHWARZ -CfHRISTOPEEL  TRANSFORMATION 

A.  Elements  of  Complex  Variable  Theory. 

1.  The  Cauchy -Riemann  equations. 

We  are  aware  that  a  complex  plane  exists  that 
has  a  real  and  complex  axis.  Wc  call  this  complex  plane 
the  Z  plane.  Any  point  in  this  plane  may  be  identified  by 
the  coordinates: 

z  «  x  +  jy  (A3-l) 

We  may  further  define  the  W  plane, 

w  *  f  (z)  «  u  +  jv  (A3-2) 

where:  u  is  the  real  part  of  f  (Z) 

and  v  is  the  imaginary  part. 

Fig  A3-1  A  and  B  illustrate  the  Z  and  W  planes. 
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Z  plane 

Fi-  A>1 


W  plane 

Illustration  of  Z  and  W  Planes 


To  determine  vhat  conditions  f  (Z)  rau3t  satisfy  to  fulfill 
the  above  relations,  let  us  examine  the  derivative; 


dw 

da 


limit  Aw 
Az-+  o  Az 


(A3-3) 


! 


In  order  for  the  limit  (A3-3)  to  be  valid,  Az  must  be  ab3e 
to  approach  zero  from  any  direction.  Let  us  write 


dw  du  +  jdv 
ds  dx  +  jdy 


(A3J0 


Remembering  that 

u  *  Real  part  of  f  (Z) 


% 

'/w, 

I 

i 

-*A 


we  may  write: 


t 

* 


dx  + 


(A3-5) 


Also  V 


Imaginary  part  of  f  (2),  so 


dv  B  3£  dx  +  3y 


(A>6) 


itituting  (Aj-5)  and  (h'j-6)  into  (A3-':),  there  is  obtained: 


&-<&  |)  *  <|  iLl  (aw) 


1  +  j  5ac 

-1  *  J  dx 


Inspection  of  (A3-7)  3hous  that  the  direction  of  da  is  determined 
oy  dy/dx.  If  (Aj-Y)  is  to  be  independent  of  direction,  certain 
conditions  must  be  satisfied.  Dividing  numerator  and  denominator 


of  (Ao-7)  by 


<37  *  J  7%) 


f  <3x  ^  3x  ^  +  dx 

JSLllJL- . 

v  STT 5; 


(A3-8) 


Nov  let: 


/du  .  .  dv\ 

(3£  +  J  3F  1 


(A3-9) 


—  -  » -  ~-.-<r.v»«K«*«S!iWiuR>. , 


Substituting  (A3-9)  into  (A3-8): 


A2J 


(A3 -10) 


Equation  (A3-10)  is  obviously  independent  of  direction  mid 
therefore  meets  our  criterion.  The  restriction  on  u  and  v 
may  be  gotten  from  the  equation  (A3-9)  which  may  be  written  as: 


du  .  dv  dv  .  dti 


(Aj-ll) 


Now  in  order  for  (A3-11)  to  be  true  the  Real  parts  must  be 
equal  and  the  Imaginary  parts  must  be  equal;  i.e. , 


du  dv 
“  <5y 

and 

du  dv 

3y  " 


(A3 -3d) 

(A3-13) 


Equations  (A j-ld )  and(A3-13)  are  known  as  the  Cauchy -Riemann 
equations.  Only  those  functions  w  «  u  +  j  v  which  satisfy 
these  equations  can  be  called  functions  of  a  complex  variable. 
Such  functions  are  analytic  functions  i.e.  they  have  a 
derivative  everywhere  within  a  arbitrarily  small  region  in 
the  vicinity  of  some  point. 


A 28 


d.  Conformal  Mapping. 

Conformal  mapping  applies  only  to  analytic  functions. 
Since  we  now  have  a  mathematical  relationship  between  the  Z  and  W 
planes,  it  is  possible  to  map  the  points  of  z  on  the  Z  plane 
and  the  corresponding  (or  image )  points  on  the  W  ■  F  (Z)  plane. 

If  to  each  point  there  corresponds  only  one  point  w,  the 
function  W  *  F  (Z)  is  said  to  be  single  valued. 

liow  let  us  see  wiiat  is  meant  by  Lhe  word  "conformal". 

In  Fig  A3-d(a)  let  the  element  of  distance  pp*  in  the  Z  plane 
represent  dz.  Then  there  will  be  an  image  distance  dw  repre¬ 
sented  by  qq'  in  the  W  plane.  Now  dw  may  be  written  as: 


(A)  Z  Plane  (b)  W  Plane 

Fig  A'j-d  Conformal  Mapping  in  the  Complex  Domain 


.  ?|!£K!SsS 


Now 


dw 

dz 


is 


complex  and  may  be  written  as: 


dw  m 
dz 


a  € 


i* 


where 


dw 

dz 


and 


■  a 


(o  *  argument 
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(A3-15) 


[ 


Substituting  (A3-15)  into  (A3-1-V),  there  is  obtained: 

dw  -  (a€J*)  dz  (A3-16) 

We  therefore  fjnd  that  an  element  dw  can  be  obtained  from 
the  corresponding  element  dz  by  multiplying  its  length  by 
"a''and  rotating  it  through  an  angle  4>.  It  therefore 
follows  that  any  element  ol  area  in  the  Z  plane  is  represented 
in  the  W  plane  by  an  element  of  area  that  has  the  same  form 
as  the  original  element  but  whose  linear  dimensions  are  "a" 
times  as  great  and  whose  orientation  is  obtained  by  turning 
the  original  element  cl  trough  an  angle  Q •  Because  angles  are 
preserved  (lines  at  right  angles  to  each  other  in  the  Z  plane 
remain  at  right  angles  in  the  W  plane),  the  transformation 
is  called  "conformal". 
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B.  The  Schvarz^Christoffel  Transformation? 

An  extremely  useful  mapping  function,  of  considerable 
generality  in  its  ability  to  meet  various  geometrical  config¬ 
urations,  is  given  by  the  so-called  Schwarz -Christoff el  formula, 
which  reads 


v(s)  »  M 


(  6-z^)  ^n  d8  +11  (A3-1/) 


Here  6  is  a  naming  variable  in  the  Z-plane,  z^,  z^>  .  .  .  .  zr 
are  n  finite  points  on  the  real  axis,  numbered  in  3uch  on 
order  that 


z^  <  z^  < . <  (A3-18) 

and  the  quantities  .  .  .  .  appearing  in  the 

exponents  are  any  set  of  positive  or  negative  real  numbers., 
The  constants  M  and  N  may  have  complex  values,  with  the 
possibility  that  N  be  zero,  but  M  must,  of  course,  have  a 
non-zero  value.  The  lower  limit  zq  of  the  integral  is  an 
arbitrary  point,  in  the  upper  half  plane.  It  may  be  chosen 
equal  to  zero,  or  equal  to  one  of  the  points  .  .  .  .  z^. 

Ti e  independent  variable  for  the  mapping  function  w(z)  is  the 
upper  limit  of  the  integral.  For  this  reason  the  derivative 
of  the  function  is  given  by 

■'  —  «y.i.  ■—  —  ■  ■■  .—*■■■  I  I  ■  II  Ml.  rn  ■  ■—  ■ 

*  Thiis  development  follows  that  of  Guillerain  as  given  in 
"Mathematics  of  Circuit  Analysis1^'  pp  380-384. 


•  V  -  .-  «. . .  r%uf  *H*> +*•  -*•*%&*■, ’U 


Ail 


dw 


-H 


S  ”  M  (z-^)  'Vzg) 


U-zn)  n  (A3-19) 


as  may  be  seen  from  the  fact  that  if  one  has 


v(z)  c  J 


f(B)  d6 


the  usual  definition  for  the  derivative 


dw 

dz 


limit 

A  L  A  z  J 

A  z  hO  l 


(A3-20) 


(A3-21) 


yields 

v(z  •*•  A  z) 


w(z)  *  I  Z* 

*  z 


A  z 


f(&)  dB 


(A  3  *«-•-) 


Since  A  z  is  a  small  displacement  (becoming  zero  in  the  limit), 
one  may  say  that  for  the  integration  in  equation  (A3 -22)  the 
function  f(5)  is  essentially  constant  and  equal  to  the  value 
jl(z).  It  is  assigned,  of  course,  that  the  function  f(b)  is 
continuous  in  the  vicinity  of  the  point  6*»z,  which  is  a 
recognized  condition  for  the  existence  of  the  derivative  in 
the  first  place.  With  f(6)  equal  to  the  constant  value  f(z), 
it  way  be  placed  in  front  of  the  integral  sign,  and  (A3-22) 
yields 

,,  +  A  z 


^  r  2  t  u  z 

w(z  +  A  z)  -  w(z)  *  f (z)  /  dB  *  f(z)  A  z 

w  z 

the  approx iwut ion  becoming  exact  in  the  limit  Az-*0. 
Completing  the  limit,  one  finds,  therefore,  that 


(Aj-23) 


dw 

dz 


Hz) 


(A3-24) 


«*-'’** 


fflgsgffi 
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Tlio  essential  character  of  the  function  w(z)  my  now  he 
recognized  from  a  study  of  the  behavior  of  the  derivative 
(A3-19)  An  the  vicinity  of  the  point  z  *  zy.  The  first  step 
in  this  direction  is  to  represent  the  factor  (z  -  zy)  in  the 
polar  form  as  illustrated  in  Fig  A3-3*  This  representation 
rends 

(z  -  zy)  =  |  z-zy  | 

in  which  k  is  an  integer. 

Then 

(z  -  z  )  v  c  |  z-z 

•Since  the  quantity  is  not  necessarily  an  integer,  the  right- 
hand  side  of  equation  ( A j-f:  - )  may  have  unuiy  different  values 
for  different  integer  vu].ues  of  i:. 


e,i(4'v  +  :-ht  k) 


(A3-V) 


,-Pv  “  4>  +  '•-*  i:  u  ) 

I  e  V  V  V  (M-26) 


Fig  A3-3  Representation  of  (z-z^)  in  polar 
form  in  the  study  of  dw/dz. 


w 
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.  rHv 

In  order  to  remove  this  multivaluedness  of  the  factor  (z-zv;  , 
it  is  specified  at  the  outset  that  k  shall  assume  only  the 
value  zero.  This  specification  is  equivalent  to  stating  that 
the  function  dw/dz  is  to  he  studied  on  only  one  of  the  many 
leaves  of  its  Riemann  surface,  namely,  on  that  one  which 
corresponds  to  1:  *  0  in  (A3-26).  A  typical  factor  in  (A3-19) 
then  becomes 


I  z 


-J  ev*v 

G 


and  if  the  point  z  is  allowed  to  lie  only  in  the  upper 
half  plane  or  on  the  real  axis  of  the  Z-plane,  it  is  clear 
from  F.U.;  A>3  t)iat 

0  *  «  it  (A3-28) 

When  the  polar  forrjs 

U  «  |  14  |  cjU  (A3-29) 


and 


ure  introduced,  it  follows  that 

Q  “  a  -  n^i  -  ^ .  4n*n  (A3-3I) 


r 

> 

i 


« 


'»2*E7K1*©5«~  «■ 


A  3^ 

It  ic  now  assigned  that  t,he  variable  z  in  the  function  (A3-19) 
is  restricted  to  real  values  only]  that  is,  the  variable 
point  z  is  thought  of  an  moving  along  the  real  axis  from 
-  co  to  <*>t  the  only  deviation  from  this  benavior  occuring  wherever 
the  variable  point  z  encounters  one  of  the  critical  points  z^. 


Z-pton* 


Fig  A3-^  The  path  along  which  dw/dz  is  studied 
in  the  Schwartz -Chris toff el  transformation 


There  it  makes  a  slight  detour  around  the  critical  point 
instead  of  passing  directly  through  it.  These  detours  may 
be  visualized  as  having  the  form  of  vanishingly  small  semi¬ 
circular  arcs  lying  in  the  upper  half  plane,  as  shown  in  Fig  A3-h. 
As  the  point  z  traverses  a  small  semicircular  arc  in  the  vicinity 
of  the  point  zy,  the  angle  changes  from  the  value  *  to  zero, 
whereas  the  angles  of  the  remaining  factors  do  not  change  at 
all  because  of  the  assumed  vanishingly  small  radius  of  the 
semicircular  detour.  Hence  for  the  range 


? 

y 


(A3-32) 
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one  has 

$,  *  4>  » - «  «  «  0  Jt  -  ♦  -  0 

1  2  v-1 

(A3-33) 

W  ®v+2  -  =  « 

and*  according  to  (A3-31) 

G“  (Hv  ♦  ^v+l+*  * *  *  0  “  a  '  ^v+2**  *  ,+^n^3t  (A3"3!|  ^ 

Throughout  the  range  (A3-3^)>  the  angle  6  is,  therefore,  in¬ 
creased  by  the  amount 

Ad  ■  nv  jc  (A3-35) 

the  important  feature  being  that  this  increment  occurs  only 
t.3  the  point  z  traverses  the  3r.iall  semicircular  arc.  In 
other  words,  as  the  point  z  moves  along  the  real  axis,  the 
angel  0  remains  constant  as  z  proceeds  from  one  of  the 
critical  points  to  the  next,  receiving  a  sudden  increment 
A  0  *  jt  only  us  z  passes  directly  over  the  critical  point  zy. 

According  to  the  discussion  of  conformal  mapping,  it 
is  recognized  that  the  map  of  the  function  w(z)  in  the  W- 
plane,  corresponding  to  the  real  axis  in  the  Z-plane,  consists 
of  a  succession  of  straight-line  segments  between  the  points 
wl'  '*2* ' ' *  *  correspond,  ng  respectively  to  z^,z  , . . . ,the  angular 

.  i 

*  If  py  is  negative,  the  inequalities  are  reversed.  4 
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directions  of  two  consecutive  segments  confluent  in  the 
point  w  differing  by  |iyt(.  That  is,  the  map  in  the  W- 
plane  of  the  function  (A3~17)>  corresponding  to  the  real 
axis  in  the  Z -plane,  traversed  from  -»  to  »,  has  the 
general  character  shown  in  Fig  A3-!>*  This  result  follows 
from  the  fact  that  the  angle  of  dw/dz  equals  the  difference 
between  the  angles  of  the  increments  dw  and  dz,  and  since  the 
angle  of  the  latter  remains  zero  as  the  point  z  moves  along 
the  real  axis,  the  ang.le  of  dw/dz  must  equal  that  of  dw. 


Fig  A3-t>  The  map  in  the  W-plane  of  the  real  axis 
in  the  Z-plane  shown  in  FiG  A3-H 

This  angle,  however,  is  shewn  to  remain  constant  except  when 
z  passes  over  one  of  the  critical  quantities  zy.  At  the 
corresponding  points  wy  then,  the  direction  of  the  increment 
dw  suddenly  changes  by  the  amount  pyrt. 


A37 

The  plot  in  the  W -piano  corresponding  to  the  real 
axis  in  the  Z-plane  is  thus  seen  to  be  a  polygon  with  the 
points  as  ^'G  v<jr^e::es*  ^ 


the  sum  of  tlie  increments  A  0  at  the  n  vertexes  w,  ...w 

1  n 

equals  2  jt.  We  may  relate  the  exterior  angles  to  the 
interior  angles  by  the  relation 


(A3 -37 ) 


(A3-38) 


A38 


Substituting  this  result  into  equation  (A3-19)>  there  is 
obtained: 


(A3-39) 

C.  The  Inverse  Function. 

Sui>pose  we  are  interested  in  going  iron)  the  W  to  the 
Z  plane  via  the  Schwarz -Christoff el  Transformation.  We  must 
examine  the  inverse  function  dz/dw  to  do  this.  It  was 
previously  stated  that 


W  «  f(z)  c  U  (x,y)  *•  jv  (x,y) 

(Aj-40) 

We  liiay  invert 

z  «  <!>(w)  »  x  (u,v)  «•  jy  (u,v) 

(A3JM) 

vhcre  a  1  to  1  relationship  exists  between  z  and  w. 

Lot  us  consider  the  following  relations: 

dx  e  gjj  du  +  gj  dv  (A3-42) 

dy  =  ^  du  +  ^  dv  (A3-^3) 

Equations  (A3-Ji2)  and  A3-^3)  arc  the  inverse  of  equations 
(A3 -9)  and  (A3-6)  which  are  repeated  here  for  convenience. 


dw 

dz 


a,  an  a.  a 

_1  ,  _2  _n  _3  _i  _n  _i 

M  (z- z,  )  rt  (z~z..)  it  "(z-z,,)  it  . . .  (z-z  )  it 

.1  c  *)  n 


'-*Y~ 


>5  \ 


rtMmtstmmsnuttim 


^u  ,  du  , 
du  “  SI  dx  ^  dy 

,  dv  dv  , 

dv  =  dx  ^  yy-  dy 


A  1)9 


(A3-9) 

(A3-6) 


1 


We  have  for  the  determinant  of  (A3-9)  and  (A3-0 


5u  5\r  5u  dv 

U  B  V“  «r~  -  «c—  *C“ 

ox  oy  oy  ox 


(A3-W ) 


But  the  Cauchy  Rieinnnn  equations  state 

it 

/'Sl'O 

(A3-12) 

and 

du  ov 

3y  c  <5x 

(A3-13) 

Substituting  (A3-1*)  and 


(A3-3  3)  into  (A3-^A)  we  obtain: 


(A3~’<-5) 


Nov  it  vaa  previously  stated  that 
f(z)  «  u  Jv 

Hence 

«  du_t  J-.Ay 

civs  '  '  dx  J  dy 

Let  us  reexamine  equation  (A3-7)» 


(A3-*) 


(A3  Jf6)  I 

> 

i 

This  relation  was  [ 


« 


A40 


dw  (du/dx  +,jdv/dx)  +  (du/dy  +  J  dv/dy)  dy/dx 
dz  “  1+3  dy/dx 


(A3 -7) 


We  have  shown  in  our  earlier  discussion  that  if  a  function 
is  analytic,  the  value  of  the  derivative  is  independent  of 
the  angle  of  the  increment  dz  *»  dx  +  j  dy.  If  this  angle  is 
zero,  dy  is  zero. 

Lotting  dy  equal  zero  in  (A3-7) 


dw  du  .  ,  ov 

s  *  s 


(A3-'iY) 


Now  apply  tlie  Cauchy -Reimann  conditions. 

(Equation  (A3-12)  and  (A3-13)  to  equation  (A3-47)).  The 
result  is: 


dw  du  .  dv  dv  , 

s?  + 

Recalling  equations  (A3-^) 


(A3-48) 


(A3-,!-!3) 


Comparing  equations  (A3-^5)  and  (A3-^8)  and  remembering  the 
definition  of  the  absolute  value,  we  see  that: 


D  -  |  f  (*)  f 


(A3-49) 


We  previously  made  the  statement  that  the  following 


relations  were  inverse. 


"  r  -  ■ 

o  \ 
t 


i  „  ■  *■  ■  y*'  "■■'■  v  ' 


du 


du  ,  ,  Su  , 

3£  d*  +  dy  dy 


A4l 

(A3-!>) 


ana 


dv 


dx 


dv  ,  ,  dv  , 

SZ  a"  +  dy 


d::  ,  etc  , 

•v-  du  +  “t—  dv 
du  du 


dy  *  ^  du  +  dv 

J  Oil  ov 


(A3-1'*) 


(A3-V.2) 


If  these  relations  truly  are  inverse,  bhen  tlieir  mtrieios 
man t  no  inverse j  that  is 


d;:  da 

du 

du 

“sr 

.Av . 

du  ^v 

dv 

“deT 

N 

OV 

(A3->0) 


,/e  remember  from  the  determinant  theory  of  inverse  nut  rides 
that 

(A3-51) 


A,  . 

a  ,j  1:  c  l;.) 


D 


Vfliare: 
a . 


and 


ik 

Vi 

J) 


is  the  element  bcJouGinfs  to  the  jth  row 
and  kth  column 

is  the  minor  of  the  kth  row  and  jth  column 


Jo  the  value  of  determinant  under  consideration 


*  1 

r  1 


JT 


gy^aagsaswcaBaaegEBBattMB^^ 


Ah2 


In  order  for  (A3-51)  to  hold,  the  relations  between  the 
matricies  are: 


chc  1  dv 
3u  *  D  Sy 


(A3-J52) 


dx  1  du 

5v  D  Sy 


(A3-!i3) 


dy  1  civ 

du  “  "  D  dx 


(A3-5-’!-) 


1  du 
D  3x 


Now 


dz  9  dx  +  j  &y 
dw  du  ■*■  j  dv 


(A3-55) 


(A3-56) 


Inserting  dx  and  dy  as  Given  by  (A3-^2)  and  (A3-**3) 

dz  (dx/du  du  »  dx/dv  dv)  »  j  (dy/du  du  »  dy/dv  dv) 
dw  du  ♦  J  dv 

Divide  top  and  bottom  of  (A3-57)  by  du 

dz  (dx/du  »  dx/dv  dv/du)  »  j( dy/du  +  d  y/dv  dv/du) 
dv  1  4-  j  dv/du 


(A3-5T) 


(A3-58) 


Rearranging,  (A3-58)  becomes 


A43 


da 

dv 


(dx/du  +  j  by /bo.)  +  (bx/'bv  +  j  dy/dv)  dv/du 
1  -f  J  dv/du 


(A3-59) 


Since  dz/dw  oust  be  independent  of  the  increment  of 
dw  b  duf  J  dv  , 

if  the  angle  equals  zero  (i.e.  J  v»0), 

Then: 


~  ■  (dx/du  ♦  j  by /bn) 
But  from  (A3-52) 

dx  1  dv 

35  "  D  Sy 

and  from  (A3-5*0 


(A3-60) 


(A3-52) 


Substituting  (A3-52) 


(A3-54) 

and  (A3-‘jh)  into  (A3-60)  we  obtain 


dz  ^  bv /by  -  j  dv/dx 

dw  D 


(A3-61) 


Multiply  top  and  bottom  of  (A3-6l)  by 


giving 

dz  m  (bv/by  -  dv/dx)  (by /by  »  J  dv/dx) 
D  (bv/by  +•  j  dv/dx) 


«  -(.fr/fo)2  +  (dv/dx)2 

D  (dv/dy  +  J  dv/dx) 


(A3-C2) 


'•-■**«**  -W-"*  ^a^azasgt'Bim^^ 


But  equation  (A3-^5)  stated 


Substituting  (Aj-4f>)  into  (Aj-62) 

dz  ^  1 

dw  bv/'dy  +  J  dv/dx 

One  of  the  Cauchy  conditions  states: 
dv  du 

5r  *  S 


A44 


(A3-^) 


(A3-63) 


(A3-12) 


Substituting  (A3-12)  into  (A3-63),  there  is  obtained 


dz  l _ 

dw  *  Ou/bx  +  ,)  dv/dx  (A3-64) 

Equation  (A3-V7)  stated  that 


dw  du  dv 

az  S  +J3J  (A3-47) 


Insertinc  (A3-'»7)  into  (A3-64),  the  desired  result  is 
obtained. 


da  1 
3w  “  dv/dz 


2 


(A3-65) 


A45 


The  inverse  function  therefore  has  a  derivative  that 
is  the  inverse  of  the  Given  function.  We  may  therefore  map 
a  function  from  the  W  to  the  Z  plane,  or  from  the  Z  to  the  W 
plane.  The  Schwarz-Christoffel  transformation  from  the  W  to 
the  Z  plane  has  already  been  written  as  equation  (A3-39)* 

The  equation  from  the  Z  to  the  W  plane  is  the  inverse  and 
may  be  written: 

ai  U2  Cn 

*  M  (v-i^f*  "1(w-u2)1t  "1...(w-un)“n  -1  (A3-66) 

v;here: 

M  is  a  complex  constant 

u.^ . .  ur  are  the  image  points  of  the  corresponding  z’a 
in  the  W  plane 

C/l...C'n  are  ^n'cer^or  a«Kles  of  the  polygon. 

D .  Successive  Transformations . 

In  solving  two  dimensional  potential  problems,  it  is 
frequently  convenient  to  use  successive  transformations. 
bet  m  Fx  (Z;L)  (A3-67) 

and 

(A3-^) 

By  elimination  of  between  (A3-67)  and  (A3-76)  we  obtain 

W  -  F0(z) 


(A3 -69) 


The  relation  (A3-68)  expresses  a  transformation  from  the 
Z  plane  into  the  Z^  plane,  while  (A3-67)  expresses  a  further 
transformation  from  the  Z^  plane  into  the  W  plane. 

Therefore  the  final  transformation  (A3-69)  nay  he  regarded 


as  the  result  of  two  successive  transformations. 


APPENDIX  IV 

DETERMINATION  OF  THE  CAPACITANCE  OF  STRIPLINE 

A.  Capacitance  of  Stripline  per  unit  length  neglecting  fringing. 

Upon  consideration  of  the  cross  section  of  stripline,  it  can 
he  seen  that  the  capacitance  of  this  configuration  is  essentially 
that  of  two  parallel  plate  condensers  connected  in  parallel, 

t  3 


neglecting  fringing  capacity,  C.> 
he  developed  at  a  later  point  in  the  Appendix. 


An  expression  for  Cf  will 
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Fig  A4-1  Cross  Section  of  Striplir 

Fig  Ah -2  shows  the  upper  half  of  fig  A4-1.  Frojr  this 
figure  CT  can  be  determined. 
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where 


t-s.n.*? t  -.  ttz  -  *  r*--  ;ruw^- 


i 


A49 


D  ■  electric  flux  density 

i 

eQ»  peroitivity  of  free  space 

€r*“  relative  peroitivity 

The  electric  flux  originating  at  the  positive  plate 

and  terminating  on  the  negative  plate  is: 

-  D  A  -  €o€r  V  (w  x  1  )  -  Q  (A4-3) 

“  b-t 
T" 

where  Q  *  charge  on  one  plate 
A  *  area  of  one  plate 
w  *  strip  width  -  cm 


The  capacitance  of  the  parallel  plate  condenser  is  then: 

(A4-4) 


Q 

V 


3  Vr  w 
ib^r 


Now  remembering  that  we  have  two  capacitors  in  parallel, 
we  obtain  for  the  atripline  capacitance  neglecting  fringing 

effects. 


10-l4  (8,842  crw) 


b-t 


where  Cpp  is  in  farad/cm. 


(A4-5) 


B.  Capacitance  of  Stripline  including  fringing  capacitecce. 

Equation  (A4-5)  can  be  used  to  compute  Characteristic 
Impedance  up  to  25  ohms.  For  Characteristic  Impedance  calculations 


I 


.i  i 

i 

i 

i 
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above  25  ohms,  a  term  for  fringing  capacitance  must  be  added 

t 

to  equation  (A4-5).  Designating  fringing  capacitance  by  Cf 
and  referring  to  Pig  A4-1,  we  see  that  equation  (A4-5) 
becomes: 


CTP  -  it  :c  10- 


(8.842  e  w  f  G_  ) 


farad/cra. 


(A4-6) 


C.  Development  of  an  expression  1.  r  Fringing  Capacitance  t 
We  now  wish  to  put  the  Schwarz -Chris toff el  Transformation 


to  work  in  order  to  find  an  expression  for  the  fringing  capacitance 

« 

C|.  •  Equation  (A3-66)  is  repeated  here  for  convenience  with 
w  replaced  by  z^. 


x  2  n 

M  (zx  -  (zx  -.  u ^yn  _1  -  mJ*  -1  (A3 -66) 


where  the  notation  is  the  same  as  that  Given  in  Appendix  III 
except  for  z^  which  represents  points  in  a  plane  Z^  inter¬ 
mediate  to  the  A  and  W  planes.  In  other  words  ve  will  perform 
a  mapping  from  the  Z  to  the  plane  and  then  a  second  mapping 

from  the  Z^  to  the  W  plane. 

Consider  Fig  A4-3.  This  figure  represents  one  half  of 

i 

the  cross  section  of  Stripline.  The  polygon  used  to  perform 
the  Schwarz -Christoff el  Transformation  is  shown  in  broken  lines. 
As  the  points  +  a^  proceed  toward  infinity,  the  angles  associated 
with  these  points  approach  zero  degrees,  while  the  angles 
associated  with  the  points  +  b  approach  the  value  3  x/2. 


Fig  A4-3  Schvarz-Christoffel 


Mapping  of  Stripline:  Z  plane  representation 


In  the  limit,  the  polygon  becomes  degenerate  and  assumes 

i 

the  configuration  of  the  Stripline.  It  is  now  necessary  to 

choose  the  points  . for  equation  (A3-66).  The  points 

uR  are  those  points  in  the  plane  corresponding  to  the 
points  f  a^  and  ♦  h^in  the  Z  plane.  We  choose  the  points 
z^  m  +  l  t6  correspond  to  z  •  +  b^  and  choose  z^  *  +  a^  to 
correspond  to  z  »  t  a^.  We  also  choose  the  image  of  0  in  the 
W  plane  to  be  infinity  in  the  &,  plane.  Consideration  of  Fig 

<yn  -i 

A3-4  shows  that  this  drops  out  the  factor  connected 

with  the  point  0  in  equation  (A3-66).  It  is  shown  in  Churchill1^ 
that  only  3  of  the  are  aribtrary.  We  have  picked  +  1  and 
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infinity  as  these  3  arbitrary  points,  leaving  +  a^  to  be 
determined.  Inserting  these  constants  into  (A3-&L), 
there  is  obtained: 


2*  ml 


m  }•  ( 0f  *i  \2if  ( 

3L“  !"  (zi  '  : 

i.  n  A-n 


is  -i 

s2* 


♦  !)  ♦  »x)  (zx  “ 


(aH-7) 


/  2  X  7 

<Z1  -1) 

/  2  2\ 
(Z1  "  ai  ^ 


or  in  integral  form 


(A4-3) 


.The  image  of  the  polygon  in  the  Z^  plane  is  shown  in  Pig  A4-4  . 


Mapping  of  Stripline:  Mapping  of  Polygon  in  plane 


Fig  Ah-k  is  easily  understood  if  the  discussion  pertinent 
to  Fig  A3-4  is  remembered.  The  line  segment  0  to  (-a^)  in 
the  Z  plane  corresponds  to  the  segment  0  to  ( -a^)  in  the 
plane:  the  segment  -a^  to  -b^  in  the  Z  plane  to  -a^  to  -1 
in  the  Z1  plane:  the  segment  -b^  to  ♦  b^  in  the  Z  plane  to 
-1  to  ♦  1  in  the  plane;  the  segment  b^  to  a^  in  the  Z 
plane  to  1  to  in  the  Z^  plane  and  the  segment  a^  to  0 
in  the  Z  plane  to  &1  to  0  in  the  Z^  plane.  Finally,  since 
the  Schwarz -Chris toff el  transformation  maps  the  polygon  onto 
the  upper  half  of  the  W  plane,  the  points  -  infinity  and 
infinity  are  .joined  by  a  semicircle  having  an  infinite  radius. 

To  evaluate  (A4-8),  let  us  first  find  the  values  of  the 
conston  M  and  +  a^.  The  notation  used  in  this  evaluation 
will  be  that  of  Fig  A4-4. 

To  find  M,  let 


z  *  r  ed  1 
21  rl  e 


(*4-9) 


Then 


dz^  .1^  e,J  1  60^  ■  j  2^^  d0^ 


(A4-10) 


Substituting  (A4-10)  into  (A4-7),  we  get 


(\  W) 


o 


(A4-11) 


How  let  2  approach  infinity  i.e.  let  approach  infinity. 
Assuming  ranch  rauch  greater  than  1  and  much  much  greater 


than  (Ah-ll)  becomes. 


do  *  J  M  d  6 


(A4-12) 


Reference  to  Fig  Ah -3  and  A4-4  show  that  as  z  :oes  from  -f.j  B 

to  -  J  3  at  the  point  0,  r^  rotates  through  ar.  angle  of  rt  radians. 

Integrating  both  slues  of  (A^-1J) 


r  -.3 

J  +  ,  o 


(A-r-13) 


Integrating  b.>th  sides  of  (A;i-13)  and  solvin'?  for  K,  we  find 


(Ah-14) 


To  determine  a^,  let 


*1  “  "el  *  rl  6  1 


(Ah -If.) 


« 

dZj*  j  r/  cv  1 


j  h* 


(M-I-') 


Substituting  (Ah-lf)  and  (Ah-in)  into  (Ah-7)  we  obtain: 

mb)  ^  ^  '1*  «J*‘  *  g'S 

dz  «  L_=21  * - ±-A-  -  - , - Vwr - 2  ( J*S 

*  fa/  -  2ax  ri»  €  '1  +  r/^  e,del  -a./)  1 


(Ah-17) 

»  /ei*  aa/) 


We  may  simplify  the  numerator  of  (A4-17)  by  observing  that 
as  r^*  approaches  0,  both  r^‘  and  go  to  zero  very 
quickly  compared  to  -1.  The  denominator  may  be  simplified 
by  observing  that  as  approaches  zero,  r  '  approaches 
zero  much  faster  than  r^' .  Utilizing  these  observations 
in  (A4-17)  and  simplifying,  we  observe  that 


From  Fig's  A4-3  and  A 4-):j  we  see  that  as  z  goes  from  -JB 
to  A  in  the  Z  plane,  ,1*^'  rotates  :from  it  to  0  in  the  Z.^  plane 
Using  these  facts  we  may  integrate  (AJt~l8)  and  solve  for  a^. 
The  result  is: 


(A4-1C*) 


Ilov  that  we  have  determined  that  constants  +•  ^  ur-'1  M,  let 
us  proceed  integrate  (A-i-8)  which  is  repeated  hero  for 


convenience. 


Uf(zl  '  ^  '  flzl 

*  mj7~2 - F - 

(zi  -  ai  } 


(A4-8) 


To  fa/: innate  i.he  integration,  iet  us  divide  (A4-8)  into 
two  parts  (after  inserting  the  constant  K). 


? 


Tie  result  is: 


fr  f  —  +  ( v1)  /  - — - ](A4-20), 

t  JJ&  .iut  ■ 


Consider  the  first  term.  We  rearrange  it  to  read: 


-JB  / 

«  j 


(A4-21) 


Ka 


■  /I  -  Z, 


Using  formula  3-10. 01  of  Dwight's  Integral  Table, ° (A4-21)  becomes 


2  f  a*i 

tt  vi  1  '• 


sin"1  z. 


(A4-22) 


The  second  term  of  (A4-20)  is 


(a^  -1) 


(A4-23) 


/  2  2. 
<Ki  -  ai  > 


Z1  "1 


We  may  use  formula  3^7  from  Dwight's  Integral  Tables 

2 

provided  the  condition  a^  is  greater  than  1  is  met.  Therefore, 
let  us  examine  a  practical  cross-section  of  stripline  and  see 
whether  this  condition  is  met.  Utilizing  the  dimension  of 
one  sixteenth  inch  double  clad  boards  plated  with  2  ounce 

4 

copper,  and  referring  to  Pig  A4-3,  we  find  A  approximately 
eou&lr  2  rails  and  B  approximately  equals  60  mils.  Inserting 


A57 


these  results  in  (A4-19)  we  find: 


al  *  153  >:>  1 


(A 4-24) 


O 


The  condition  greater  than  1  is  then  met  and  we  proceed 
to  use  Dwight  387*  The  result  is: 


2 


-2B  (a^  -1) 


I 


dz 


(2  2  -  a,2)  I  o 
^  1  ^  \1  z  2  -1 


2B 


(a/  -1)^ 


tan 


V  zi 

-1 


(A4-25) 


a. 


The  total  integration  of  (A4-8)  is  therefore: 


2JB 


r  -1 

sin  z1 


(a/  -l)1^2 

+  — - tan 


*1-7  -1 


] 


(A4-26) 


a. 


n/1  -  21£ 


Several  simplifications  way  be  made  to  equation  (A4-26). 

By  substitution  and  algebraic  manipulation  we  get  the  identity: 

(a,2  -X)1/2 


B  -  A 
B 


(A4-27) 


Olfr£^BSB9K»NI 


Furthermore  a  little  trigonometric  manipulation  shows  that 


Substituting  (M-27)  and  (A4-28)  into  (M-2')  there  is  obtained: 


',7e  have  now  transformed  the  function  from  tlie  Z  or 
primary  plane  to  the  or  intermediate  plane.  However, 
this  is  not  the  form  we  vish  for  the  result.  The  desired 
result  will  be  in  the  form  of  two  parallel  planes  from 
which  a  parallel  plate  capacity  can  be  found.  The  required 
transformation  from  the  to  the  M  plane  i3  realized  by  the 
relation: 

z^  ■  a1  tanh  it  w/2 


(A4-30) 
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iv 


Fig  A4-5  Transformation  from  the  to  the  W  Plane 

Tlie  line  segment  A*  B*  in  the  plane  maps  into  the 
segment  A"  Bm  in  the  If  plane; the  segment  B'C*  maps  into  BM  C" 
and  C*  D*  maps  into  CM  D". 

We  now  wish  to  substitute  (A4-30)  into  (A^-29)  and' 
simplify  the  result:  liquation  (A4-29)  is  repeated  here  for 
convenience.  It  is: 


M 


(A4-29) 


Consider  the  2nd  term.  Upon  substitution  of  (AH-30)  for 
and  the  use  of  a  trigonometric  identity  ve  find: 


A GO 


B-A  .  -1 

-SJ—  6  ill  2, 

B  1 


al2  -1 


\J  a 


1  ‘  *1 


B-A  ,  -1 
—  sin 


ft 


2  V 

-1  sinh  «  7T 


(A’Kil) 


V 

?! 


It  was  previously  3howi}  that  is  large  corresponding  to 
large  u  in  the  \l  plan$,  (where  V  «  u  +  jv).  For  large  u 


siinJi  jt  v/2 


^ 


(AA-32) 


2 


as  is  obvious  by  expanding  sinh  ir  \i/ 2  in  exponential  form  and 
realising  that  we  are  interested  in  the  function  on  the 
real  axis. 

For  principal  values  and  remembering  that  B  is 
much  much  greater  than  A,  Dwight  507.20  simplifies  to: 


f 


sin 


-1 


x  e  n/2  -  J  cosh  1 


(Al-33) 


Substituting  (Afc-33)  and  (M-32)  into  (Ah -29)  we  find  that 


,]  cosh 


-1 


B 


B-A 


(rt/2  -  j  cosh 


-1  B-A 


A(2B-A) 


\/a(2B-A) 

e^/a)] 


(A-’l-3'l) 


Now  we  are  only  interested  in  the  real  part  of  (A'i-3h). 
Talcing  the  real  part,  we  get 


•IJM.  u  - 


2B  f  ,  -1 

—  cosh 

*  L 


B-A  t  -1  B-A  € 
+  cosh  — — — 


(Ah  -35 ) 


A(2B-A) 


A(2B-A) 


Uoinc;  Dwijit  701  and  (AH- 27 ) j  we  obtain  the  relation: 


,  -1  ,  ,  -1  B-A 

cosh  t-.,  «  tanh  -=r* 
.1  B 


llow  macaber  In  j  the  definition  of  as  .;;iveri  in  (A::-lr ),  we 
racy  substitute  (A-H-3 ')  iutd  (A!,-3f )  with  the  result: 


a  f,  ,  -1  B-A  .  B-A  ,  -1  B-A  e 

"7  L  tcllh  ~  +  TT  f:onh  ~~Z: 


(AH -37) 


a(  d- a) 


llow  \n.  wish  to  solve  (A U~j()  for  u.  This  ean  be  done  ’  y 
Lronsoosin-j  and  takin;;  the  oosii  of  both  sides.  The  result  i3: 


(B-A)  € 


itu/.: 


.  r  ?C:  -  B  .  ,  -.1  B-A  1  ,Vl 

-  -  cosh  2(b’-a)  B-A  taai  B  J  (A'~:>b< 


"JA(2B-A) 


Clearing  and  Latin,,  the  In  of  both  sides 


u  «  —  .'La 

if 


'  2  JA(JB-A)  I 


eosn 


rtx;  -  B 

L  HTb^a)  b-a 


tanh 


-1  B-A 


]  (Ah-39 


liow  by  definition: 


cosh 


e';  -f  e 


(A'l  -HO) 


Ao2 


In  actual  practice  x  »  B-A  (i.e.  the  width  of  the  ground 
planes  is  much  Greater  than  the  distance  between  ground 
planes).  Therefore  the  e”x  terra  in  (A4-40)  is  negligible. 
Making  this  assumption  we  may  make  the  following  statement: 


oosh  [array  53  tanl1'1  ?ir]  <X»B-A) 

f  .  B  -1  B-A?\  t .  •  i ,  \ 

.  e^f53)  +  S3 tanh  —) 


Using  (Ai-4l)  in  (A4-3$»)>  we  see  that 


U  -  2/rt  In  VA(2B-A)  *  B-A 

L  B-A 


(  ice  B  *.-u-l  B-A 

\5^A)  B-A  tanl1  B  ; 


(A4-42) 


We  may  simplify  (A4-JI2)  to  read 


2/*  ln  f  A(i-S-A)  *  S3  *  *Tf3)  t*,h'1 

V  B-A 


(A4-43) 


We  must  now  find  out  what  x  would  be  if  there  were  no 
fringing  effect  present.  If  the  fringing  effect  is 
neglected,  the  capacitance  in  the  Z  and  W  planes  must  be 
the  same.  We  may  therefore  equate  the  expression  for 
parallel  plate  capacitance  in  the  Z  and  W  planes. 


€  €  A 
o  r  v 


6  €  A 
o  r  z 


(A4-44) 


where  the  subscripts  indicate  the  plane  of  applicability. 
For  unit  lenrjth  f A4-44)  simplifies  to 


(B-A)  u 


(A4-45) 


Multiplying  sides  of  (Aji-43)  by  (B-A)  we  get 


(B-A)  U  «  2/jr  (B-A)  In  it&lAl 

B-A 


♦  =£  tail!!*1  M 
Jt  B 


(A4- 4(  ) 


Solving  (a4-4u)  for  x  we  obtain: 


x  »  (B-A)  U  -2 /%  (B-A)  In  2=5.  tanh"1  ~-A 


(A4-47) 


Since  in  the  ideal  case  of  no  fringing 

x  -  (B-A)  U  (A4-45) 

the  other  terms  in  (A4-47)  must  he  due  to  the  fringing 


effect  i.e. 


♦  A  x  »  (B-A)  U 


Therefore 


x  ■»  2/n  ^ 


(B-A)  In 


(A4-48) 


B  tanh 


•1  B-A  ] 

B  J 


(A4-49) 


A*- 


kCh 


We  may  put  (A4-49)  in  a  more  useful  form  through  the  identity 

./2 


tanh  x  »  In 


(m? 

'  1  -  X  ' 


(A^-50) 


Utilising  (A4-50)  in  (AU-^9),  we  find  that 

lnj-A(2B~A)  ] 


A  x 


'2/n 


„  ,  2B-A  * 
B  ln  B-A  “  A 


(A4-51) 


B-A 


We  may  now  find  an  expression  for  fringing  capacity  Cf 1  by 
ins.  '.-ting  (Ak-;5l)  into  the  expression  for  parallel  plate 


capacitance  which  is: 
C 


coErA 


Upon  nit, .king  the  substitution  of  (Ah -51 )  into  (A4-i>2)  and 
remembering  that  we  are  considering  capacitance  per  unit 
length;  we  get 


Cf’ 


3.842  x  10 


-2 


-A 


». 


Xn/A  (tm-A)  1  gg  (M-53) 

B-A  J 


In  orler  to  make  (AU-53)  agree  with  the  notation  of  the 
literature,  it  is  necessary  to  redefine  A,  B,  and  d. 
Cohn  defines  hir  dimensions  as  shown  in  Fig  A4-6. 
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Observation  of  Fig  A4-3  and  Ak-6 

indicates  the  following 

equivalence: 

,  b-* 
d.-j- 

(A4-54) 

A  -  t/2 

(A4-55) 

B  «  b/2 

(A4-56) 

If  (A4-5{0  through  (A4-IJ6)  are  substituted  in  (A4-5) 
and  a  little  algebraic  manipulation  performed,  Cohn*s 
result  is  obtained.  It  is: 


(A4-5?) 


Equation  ( A4-l>7 )  lias  been  put  in  graphical  form 
and  is  shown  as  Fig  Ab-J. 
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A 68 


(A5-1) 


where  the't^  are  the  points  on  the  real  axis  of  t  corresponding 
to  the  vertices  of  the  polygon,  C  and  zq  are  constants,  P  i3 
the  point  in  the  upper  half  of  the  t -plane  corresponding 

I 

to  z  *  o»,  a^d  the  asterisk  denotes  complex  conjugate.  Since 

I 

the  sum  of  the  exterior  angles  of  a  polygon  with  n  vertices 

’  i 

is  (n  +  2)j|,  the  necessary  condition  on  the  angles  is 
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Wow  let  P  *  i,  and 
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So  that  t  **  i  corresponds  to  6  »  But  t  =»  P  *  1 
corresponds  to  z  «  «,  so  that  infinitely  remote  regions  in 
the  s -plane  and  6 -plane  correspond.  Purthenuore, 
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so  that,  for  t2  ■»  6,  j  B  | «  1.  Thus,  the  t^  axis  is  transfonaed 
into  the  unit  circle  ‘in  the  B-plane.  Moreover,  for  tg  >  0, 

|  5  |  >  1,  that  is,  the  upper  half -plane  of  t  goes  over  into 
the  outside  of  the  unit  circle  |  B  |  ■  1.  Hence,  the  outside 
of  the  polygon  in  the  z-plane  is  transferred  to  the  outside 
of  the  unit  circle  in  the  6 -plane,  such  that  Infintely  reinote 
points  in  the  two  planes  correspond. 

With  the  transformation  equation  (A5-3)>  the  mapping 
function  equation  (A5-l)  becomes? 
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ft  n  (b 


»r)  * 


-1 


dB 


(A'j-4) 


in  which  the  6^'s  must  satisfy  the  conditions  |  6.J  *  |^[  »--* •  j  fij  *  1 
since  they  lie  on  the  unit  circle.  Expanding  the  integrand  of 
equation  (A5-4)  into  inverse  powers  of  ft  and  using  equation  (A5-2), 
we  obtain 
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(A5-5) 

and,  therefore,  upon  integration,  a  logarithmic  tern  will 
arise  unless  the  condition 


*  For  an  alternative  derivation  of  this  transformation,  see  P.  Frank 
and  R.  V.  Misea,  Dlfferentlalgluchungen  der  Physik,  Vol  IIt  p.658-662. 
Friederich  Vieweg  and  8ohr,  Brunswick,  Germany,  1935#  Mery  s*  Rosenberg, 
New  York,  1943. 
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n 

]T  \  (~  -  1)  -  0  (A5-6 

r  *»  1 

is  satisfied.  This  condition  must  be  fulfilled  in  order 
that  the  mapping  he  conformal  at  «.  Integration  of  equation 
(A5-I3)  yields  a  series  development  of  the  form 


z  *=  u,  6  +  a 
1  o 


which  is  valid  for  lar(;e  6.  Since  the  polygon  is  mapped 
onto  the  unit  circle,  it  fo.13.ows  that  is  the  equivalent 
radius  of  the  polygon. 

We  shall  restrict  ourselves  here  to  the  calculation  of 
the  equivalent  radius  of  reeta-igular  cross  sections.  In 
this  case,  the  angles  have  a  common  value  |i  »  |  it,  so  that 
^  -  1  *  ^  .  The  mapping  is  shown  on  B’i,3  A5-1.  From  the 
condition  equation  (A5-6),  and  symmetry  considerations,  it 
may  he  inferred  that  the  points  &r  on  the  unit  circle  corres¬ 
ponding  to  the  vertices  form  an  inscribed  rectangle.  Therefore, 
we  set 


6,  -  e14o,  &.j  .  01(*  -*o>,  s3  »  el(*  "*o),  5)(  « 


and  obtain 
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lot  us  integrate  alon;^  the  unit  circle;  we  set  6b  e  and  the 
transformation  becomes 


-  s  ■=  ia,  / 

o  1J  y  2  cos  2  0-2 


cos  20  d  0 

o 


Integrating  0  from  ~  to  0,  we  obtain  (see  Fig  A5-l) 


p0  _ 

s  -  it  ■  i  2a,  /  / 

1  jt/2  V  ^  cos  ^  ~ 


2  cos  2  0„  d0 
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where  s  is  the  width  of  the  rectangle,  and  t  the  thickness* 
With  the  transformation 


this  becomes 
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Making  the  substitution 


*o  *  ?  +  P 


we  obtain  finally 


2/2 


1  /’ 
1  ^0 


cos  2  jrf  ♦  sin  2  p 


(A5-7) 


The  integral  In  equation  (A5-7)  i3  an  elliptic  integral 
and  r.iay  be  expressed  in  terms  of  complete  elliptic  integrals 
of  the  first  and  second  kinds.  The  reduction  to  complete 
elliptic  integrals  is  carried  out  in  the  appendix.  The 
result  is 

0  -  u  -  ai  [  ( JTT IfiTJj.  )-  a  (1  -  sm  ap)  K (ft-  ei—2  j ) 

-  iai  [  - ')  -  2  (1  *  •*»  *nZ3*g[ - >  ] 

(A5-8) 


where 


K(h) 


\l  (3.-1 


t1-)  (i-irr) 


EOO  =  / 


2  •* 

1  -  k t 


J(  1-t2)  (l-k2ta) 


vith  k  <  1,  am  complete  elliptic  ir.tecrals  of  the  first  and 
second  kinds  respectively,  and  are  tabulated  in  the  literature. 


From  equation  (A5-8) 


(AS-9) 


s  *  a 


]  IE (J  1  +  sin  2p)  -  2(1  -  sin  2P)  K  (  J  1  +  sin  2p) 


a]  1  -  2ft)  -  2(1  +  sin  2p)  K(  .J  1  -  sin  2P)  ] 


and  thus, 


K.  Jahnke  and  F.  Erode,  Tables  of  Functions,  Dover  Publications, 
New  York  19^. 
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-  sin  23)  -  (1  ♦  sin  23)  K( 1  -  sin  23) 


(A5-10) 


2E(  /  1  +  sin  23)  -  (1  -  sin  23)  K(  /  1  +  sin  23) 
V  “a  V  5 


Equation  (A5-10)  serves  to  determine  3  from  the  ratio  of  t  to  s, 
and  equation  ( A^-9 )  gives  the  equivalent  radius  aq  in  terms 


of  s  or  t. 


Particular  cases  are: 

1.  square  cross  section,  3  »  0 


s  *  t  ■  a 


,  [*®->  •*«->] 


so  that 


&eq  ■  ■  0.59025  s 


(A5-11) 


that  is 


so  t.hat 


that  is, 


the  equivalent  radius  *  0.59025  side  of  the  square 
2.  thin  strip,  3  « 

t  «  a^  J^2E(0)  -  2K(0) 

s  «  4aqE(l)  m  4a^ 


V  T  3 


the  equivalent  radius  -  l/k  width  of  the  strip.  (A5-12) 
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*awmuami 


Tlie  ratio  of  the  equivalent  radius  to  the  width  of  the 
rectangular  cross  section  is  plotted  on  Fig  AS-2  for  values 
of  the  ratio  of  thickness  to  width  from  0  to  1. 
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t  jen  equation  (A/.-l)  becomes 
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then  equation  (AA-2)  ‘bedomes 
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with  k  <  1,  are  complete  elliptic  integrals  of  the  first 
and  second  kinds  respectively,  associated  with  the  modulus  k, 


K*00  -  K(k')  «  J' 


o  I — 


\ j  (1  -  t2)  (  1  -  k,2t2) 


•  (AA-h) 


is  the  complete  elliptic  integral  of  the  first  kind  associated 


with  the  complementary  modulus  1;'  defined  by 
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and  It  may  be  shown  that1 
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K*  =  /  _ dt_ _ _ 

\j (i  -  r)  (  i  -  uV) 


rf: f  taker  and  Watson,  Modern  Analysis,  Caictbridije  University  Press,  1927. 
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and  we  obtain 
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Now  we  set. 
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Substituting  equation  (M-^)  in  eolation  (AA-3)  and  using 

^  t * 

equations  (AA-!i )  and  (AA-5)  we  gel?  finally 

1  »  | 

"%  . 


f 

t- 


'yjw 

f 


AA7 


+  ciu 


“  4  E  ( Jl+  |in  2P  )  -  a  (i  -  ain  2p)  K  ( JjJ:  oin  ) 

-  i  [  J:E  (  J  )  -  2(1  +  sin  2p)  1C(  Ji-7.,JL$l\.  Pfi  )  J 


( AA-7) 


APPENDIX  VX 


Relation  Between  the  Iconocenter 
and  the  Crossover  Point 

The  existence  of  the  crossover  point  and  its  relation 
to  the  iconocenter  may  be  proved  by  considering  the  sphere 
S  having T*  as  its  equator  (Pig  A6-l).  By  stereographic 
projection  from  the  pole  L ,  any  circle  y*  passing  through  0* 
and  orthogonal  to  T  *  is  transformed  into  circle  y  on  S,  also 
orthogonal  to  T  e  and  passing  through  the  atereographic  pro¬ 
jection  K  of  0*.  By  projection  on  the  plane  of  the  equator, 
this  circle  becomes  a  straight  line,  which  goes  througli  the 
projection  0  of  K.  The  construction  of  Pig  AC-2  is  a  re¬ 
production  of  1C0*k6  on  the  plane  of  T*  obtained  for 
instance  by  rotation  through  50  degrees  about  CO*. 


Fig  A6-1  Transformation  fro:i  the  Crossover  Point  to 
the  Iconocenter. 
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Fig  A6-2 


Relation  Between  the  Iconocenter  and  the 
^roosover  Point. 
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Transient  Analysis  of  Coaxial  Cables 
Considering  Skin  Effect* 

R.  L.  WIGINGTONf  and  N.  S.  NAHM  AN  t  asso«ate  member,  ire 


Summery-- A  trausient  analysis  of  cotrlal  cable*  la  made  by 
eooeideriag  the  skin  effect  of  the  center  conductor  a*  the  distorting 
element.  Generalised  cum*  are  presented  by  which  the  rtcponse  of 
any  length  of  coaxial  cable  can  be  predicted  if  one  point  on  the  at¬ 
tenuation  vi  frequency  curve  la  known.  An  experiment*!  cheek  on 
the  analyst*  Is  made  by  comparing  measurements  and  prediction  of 
the  responses  of  several  different  coaxial  cables. 

Introduction 

N  A  STUDY  of  oscillo8CO(>e  systems  for  use  in  ob¬ 
serving  voltage  waveforms  of  the  duration  of  a  few 
millimicroseconds  (1  mjis*»  10_*  sec),  the  problem 
of  the  distortion  of  waveforms  by  the  high  frequency 
loss  of  coaxial  cable  was  encountered.  Elementary  con¬ 
sideration  of  the  problem  indicated  a  degradation  of 
fast  rise  times  (1  mps  or  less)  due  to  greater  attenuation 
of  the  high-frequency  components  of  the  signal. 

In  polyethylene  dielectric  coaxial  cables,  the  conduc¬ 
tance  loss  is  extremely  small.  Polyethylene  has  a  dissi¬ 
pation  factor  of  0.0031  at  3000  me1  and  less  at  lower 
frequencies.  Likewise,  in  air  dielectric  cables  t he  con¬ 
ductance  loss  is  even  less.  Therefore,  the  major  portion 
of  high-frequency  loss  could  not  be  blamed  on  leakage 
conductance.  The  other  source  of  loss  in  coaxial  cable  is 
the  aeries  resistance  of  the  center  conductor.  For  analy¬ 
sis  the  skin  effect  of  the  outer  conductor  was  considered 
to  be  lumped  with  the  skin  effect  of  the  center  conductor 
increasing  it  slightly.  Using  empirical  data  to  evaluate 
the  skin  effect  constant  achieves  this  directly.  Ordinary 
analysis  of  transmission  lines  ignore  this  resistance  as 
being  negligible.  However,  at  frequencies  at  which  the 
skin  effect  of  conductors  becomes  significant,  the  analy¬ 
sis  must  include  its  effects,  both  as  series  resistance  and 
inductance. 

In  this  analysis,  a  transmission  line  is  treated  as  a 
four-pole  network.  With  the  aid  of  an  approximation 
which  is  good  at  high  frequencies,  an  analysis  including 
skin  effect  and  neglecting  dielectric  effects  can  be  made. 
All  calculations  are  in  inks  units. 

Possible  Applications 

Before  proceeding  with  the  analytical  details  cf  the 
problem,  a  few  words  about  the  engineering  applications 
would  be  indicative  of  the  role  which  akin  effect  distor¬ 
tion  in  coaxial  cables  may  play  in  contemplated  and 
future  systems  using  fast  transients. 

'Original  manuscript  received  by  the  IRE,  August  20,  19S6; 
revised  meimscript  received,  Octolier  18,  1956. 

t  Nett.  Security  Agency,  Washington,  D.  C. 

I  Ulliv.  of  Kansas,  l-aivrence,  Kan.  Formerly  with  Natl.  Se¬ 
curity  Agency,  Washington,  I).  C. 

*  ‘Reference  Data  for  Radio  Engineers,"  Federal  Telephone  and 
Radio  Corp.,  3rd  ed.,  p.  51. 


The  origination  of  this  problem  was  in  the  design  of 
an  oscilloscope  system  for  observing  very  fast  rise  times, 

1  mps  or  ieas.  In  triggered  oscilloscope  systems  a  signal 
delay  path  (usually  a  simulated  line  or  a  coaxial  cable) 
is  necessary  to  allow  time  for  the  trigger  circuits  to 
detect  the  pulse  to  be  observed  and  to  start  the  sweep. 
The  delay  of  this  path  is  50  mps  or  longer  in  present 
systems.  As  shown  in  this  paper,  the  distortion  in  this 
amount  of  coaxial  cable  is  very  serious  for  millimicro¬ 
second  transients.  Therefore,  along  with  the  other 
limitations  of  oscilloscope  systems  (such  as  rise  time  of 
the  signal  amplifiers,  writing  speed,  and  vertical  sensi¬ 
bility),  the  distortion  due  to  the  signal  delay  cable  must 
he  considered.  Perhaps  a  knowledge  of  the  form  of  this 
distortion  will  enable  the  extension  of  the  range  of  oscil¬ 
loscope  systems  which  are  limited  by  the  signal  delay 
distortion. 

if  preserving  the  rise  times  in  fast  pulse  circuits  is  in 
any  way  critical  to  the  projier  operation  of  the  circuitry, 
one  must  begin  to  consider  the  skin  effect  distortion  in 
10-mc  prf  circuits  for  long  cable  runs,  and  in  100-mc  prf 
circuits,  tiie  distortion  would  be  troublesome  even  in 
short  cable  lengths.  The  practice  of  using  special  small 
size  coaxial  cable  to  conserve  space  results  in  greater 
attenuation  per  unit  length  than  for  larger  cable  of  the 
same  characteristic  impedance,  und  thus,  also  makes 
the  skin  effect  distortion  greater. 

Another  example  of  a  problem  in  which  the  analysis 
may  be  very  useful  is  in  the  analysis  of  regenerative 
pulse  generators,  a  circuit  which  is  essentially  a  loop 
consisting  of  an  amplifier  and  a  delay  circuit.*  For  prac¬ 
tical,  high  rep-rute  pulse  generation,  the  delay  circuit  is 
usually  a  coaxial  cable.  The  pulse  shape  obtained  is  a 
coni|>osite  of  the  characteristics  of  the  cable  and  of  the 
amplifier. 

In  short,  for  any  electronic  circuit  application  using 
coaxial  cables  as  transmission  medh  to  provide  either 
time  delay  or  transmission  of  millimicrosecond  pulses, 
the  effects  of  skin  effect  distortion  must  be  considered. 

Analysis 

For  a  transmission  line  of  length,  /,  terminated  in  its 
characteristic  impedance,  Z%,  and  with  propagation  con¬ 
stant,  y,  the  following  relation  exists  between  input 
(Ei)  and  the  output  (£»)  voltages  as  functions  of  com¬ 
plex  frequency:' 

*  C.  C.  Cutter.  ‘The  regenerative  putie  generator, ‘  PsoC.  IRE, 
vol.  43.  pp.  (40-148;  February,  1955. 

*  T.,  veriabte  it  the  Laplace  Transform  variable  p. 

Eq».  (1)  and  (J)  comprise  the  Laplace  Transform  equation*  at  the 
system  differentia!  equation*. 
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For  high  frequencies  (skin  depth  small  with  respect  to  4Ly/2wf 

conductor  radius),  the  skin  effect  Impedance  of  a  round  Uilnf  the  firat  two  term,  ^  (6)  ,n  (S) 
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where  r  is  conductor  radius,  ji  is  the  permeability  and  # 
is  the  conductivity  of  the  wire. 

At  high  frequencies  the  series  resistance  of  a  wire  Is 
expressed  by  the  skin  effect  equation.  Since  an  increase 
in  inductance  is  also  caused  by  skin  effect,  it  is  treated 
as  an  impedance  rather  than  as  a  resistance.  Therefore, 
replacing  R  in  (2)  by  Z,  and  neglecting  dielectric  leakage 
(17~>0),  (2)  becomes 

y  -  V(KV~P  +  pL)pC  (4a) 


7  .  /tV P  *f"  Pl‘ 

7‘  -  V — ■  (4b) 

The  transfer  function  of  a  length  of  'hie  is  then: 

E, _ 

—  -  g- r«  «  e-^^uctox^p  (s) 

Ex  v ' 

The  inverse  Laplace  Transform  of  the  transfer  func¬ 

tion  (5)  is  the  impulse  response  of  the  section  of  line.  For 
simplification,  the  following  approximation'was  made. 
Expanding  the  square  root  in  the  exponent  of  (3)  by  the 
binomial  expansion,  one  obtains 

y(P)  -  {p'UC  +  p'lVK)'!* 

The  first  term  of  (6)  is  the  delay  term  and  the  remain¬ 
ing  terms  describe  the  waveform  distortion.  The  series 
is  an  alternating  convergent  series  (for  plLC>  pmCK). 
Approximating  it  by  the  second  term  of  (6),  the  px,t 
tsrm,  results  in  an  error  less  than  the  next  term,  the  p' 
term.  The  ratio  of  these  two  terms  will  be  used  as  a 
measure  of  validity  of  applying  this  approximation  to 
specific  examples. 

_  *S. JUm°  ami  J.  R.  Whinnery,  “F«kk  ami  Wave*  in  M«krn 
Radio,*  Jokn  Wiley  and  Son*,  Inc,  New  York,  N.  Y.j  1944. 


4W2»/ 

Using  the  first  two  terms  of  (6)  In  (5)  and  letting 
R»my/L/C,  T-VZt,  results  in 

—  *  r-»(»r+t*/«*»>s,*>,  (g) 

Et 

The  exp  {—Up)  is  simply  a  delay  term  so  that  th«  In* 
verse  transform  of  (I)  is  the  Inverse  transform  of 
exp  (—lkplll/2Rt)  delayed  an  amount  IT.  The  latter 
exponential  is  a  common  transform  and  is  listed  In 
ordinary  Laplace  Transform  tables.'  Its  Inverse  giving 
the  impulse  response  is: 


f( t)  •*  a jrwV^f*  x  2s  0 


where 


IK 

4JW»  ’  ^ 


(£)*• 


*  <  o 


and  *  -  t  ~  H. 


Of  greater  utility  in  studying  the  distortion  of  fast 
rise  times  by  skin  effect  are  the  step  response  and  the 
response  to  a  linear  rise.  The  step  response  can  be  ob¬ 
tained  by  finding  the  inverse  transform  of  i/p  times  the 
transfer  function.  As  before,  the  transform  1/P  exp 
(—lkpm/2R%)  is  listed  in  tables.'  Therefore  in  term#  of 
x  and  ft  as  defined  above,  the  step  response  is: 

*«)  -  cerf  a/—  x  £  0 

A  V  *  ^  A  (10) 

-  0  x  <  0. 

cerf  (y)  in  the  "complementary  error  function  of  y." 

The  linear  rise  referred  to  previously  is  defined  ape* 
cifically  as  the  following,  and  it  will  be  referred  to  as  a 
ramp  input. 

E(t)  -  0  I  <  0 

-  t/a  0*1*0 

-  I  t>  o. 

The  response  to  F(t),  called  /(f),  is  given  by  the  con¬ 
volution  of  F(t)  with  the  impulse  response  of  the  line, 
1(0. 

f(t)  -  -  r)g(r)dr. 

This  integral  reduces  to  the  following  special  cases: 

.  Slid  Electrical  Tran- 

sisals,*  tWiosHalt,  fee..  New  York,  N.  Y.,  p.  423;  1949. 
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Case  1 :  0  <f  S  77  f(t)  =  0  since  g(r)  =0  for  r  <  77 
One  //:  77 glg'Tl+a 


/(/)  -  J  (-— T)r 
Case  III :  t>  774  ci 

7(0  -  J  r-,n«  *"</r 


The  real  part  of  7(ja>)  is  the  attenuation  constant  of  the 
transmission  line,  for  the  purposes  of  t he  analysis, 
called  C(/). 


x  = 


/  -  77 


Ky/i(  . 

C(f)  - nepers/meter. 

2/to 


(14) 


Any  coaxial  cable  whose  attenuation  constant  obeys 
the  above  law  will  have  a  straight  line  relation  of  slope 
one-half  between  the  logarithm  of  the  attenuation  con¬ 
stant  and  the  logarithm  of  the  frequency.  The  majority 
x  =  I  -  Tl.  (){ types  of  coaxial  cable  have  very  nearly  this  character¬ 
istic  (see  big.  1).  The  ratio  of  C(J)  to  V/  front  (14)  is 
Note  that  Case  II  is  contained  in  C  ase  111  providing  therefore  a  constant  for  each  type  of  cable  and  can  be 
that  the  iulegrandsarelimited'to  positive  values  of  r  only  calculated  from  the  attenuation  characteristic  of  the 
for  Case  II.  cable. 

Considering  Case  III  only  and  evaluating  with  the 


aid  of  the  identity  derived  in  Appendix  I,  one  obtains 

1  r  * 

—  —  I  r 

a  J  ■-! 

Integrating  the  lust  term  of  (11)  by  parts  one  obtains 
1  T  ‘ 

—  j  TaT~tlte~^l,dr 

a  J 

ji  -i-wir 

V  X  a  V  x-  a 


-  -  cerf 
a 


:5lrWi 


Jr, 


(12) 


Observing  that  the  first  two  terms  of  (12)  cancel  the 
corresponding  terms  of  (11),  the  function /(I)  is  simply, 


1)  Styroffcx  1| [inches 


m 


-  f  1  cerf  \/ -  dr  x  £  0 
a  J ,  «  r  r 


2)  Styrofltx  I  inch 

3)  Styrofiex  *  inch 

4)  RG-19,  20/u 
iS  RG — 63/u 


6)  General  Radlo-874A2 

7)  RG— 58A/u 

8)  RG — 38,  39,  40/u 

9)  RG — 8/u 


*  -  I  -  Tl 


(13) 


with  the  understanding  that  for  x<a  the  lower  limit  is 


zero. 


As  verification,  one  may  note  that  the  limit  of  the 
ramp  res|ronse  as  “a"  approaches  zero  is  simply  the  step 
resixnisc.  Also,  as  x  gets  large,  the  function  approaches 
unity;  physical  interpretation  of  the  function  required 
that  this  be  true. 

Kvamjation  of  Constants 

Using  the  first  two  terms  of  (6),  the  propagation  con¬ 
stant  is  approximately 

y(t>)  =  pT  4-  P'n 

IKt 


References: 

I),  2),  3)— Brochure  of  Phelpt-Dodge  Copper  Products  Corp. 
4),  5),  7),  8),  9)— ‘Reference  Data  for  Radio  Engineers,* 
Feneui  Telephone  and  Radio  Corp.,  3rd  cd. 

6) — Catalog  N,  Geiieral  Radio  Co, 

Fig.  1— Attenuation  vs  frequency  characteristics  for  common  coaxial 
cables. 


In  this  way,  the  value  of  K,  and  subsequently  of  0, 
can  be  evaluated  for  each  case  as  follows: 


/IK 
“  MS,, 


V  (1  M.Y  /^Y 

J  \4R,  V-r/s  )  "  \2s/7u) 

where  ft  is  the  frequency  chosen  to  evaluate  0.  Fot  con* 
venience  in  calculation  let  l-Tt/T  where  Tt  is  the  time 
length  of  the  cable  and  T -  y/TC  is  the  delay  per  unit 
length. 


0 = (ifm\ 

\nWwjt) 


(16) 


•»  ♦ 


**  .4 


* 
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Resistive  Termination 

The  analysis  aosumes  that  the  transmission  line  Is 
terminated  in  its  characteristic  impedance  which  is 
given  in  (4b).  However,  in  the  ordinary  circuit,  a  purely 
resistive  termination  of  value  Rt  -  \/Jt /C  would  be 
used.  To  see  at  what  frequencies  Rt  would  be  a  food 
approximation  for  Zt,  the  following  comparison  of 
actual  Zt  with  Rt  is  made. 

From  (4b) 


2R£Vp  BRt»C*p  V/ 

The  fractional  deviation  of  Zt  from  Rt  as  a  function  of  p 
is  less  than  the  second  term  of  (17)  divided  by  Rt.  The 
smallness  of  the  magnitude  of  this  fraction  indicates  the 
closeness  of  approximation. 

-.«■!<  I  (lt) 

I  K.  I  IwCVAl  4WCVUJ 

Since  Rt*C—L  then  (18)  is  the  same  as  (7).  Thus,  A,  the 
validity  constant  calculated  previously  is  also  an  expres¬ 
sion  of  the  departure  of  Zt  from  Rt. 

Generalization  op  Theory 

In  order  to  present  curves  with  whicli  any  transient 
problem  involving  skin  effect  distortion  of  rise  times 
could  be  solved,  the  theory  is  generalized.  First,  the 
assumption  is  made  that  any  rising  function  can  be  ap¬ 
proximated  sufficiently  closely  for  engineering  analysis 
by  a  aeries  of. a  few  straight  line  segments.  The  response 
to  any  function  can  then  be  obtained  from  the  sum  of 
the  responses  to  the  ramp  functions  used  for  approxima¬ 
tion.  A  generalized  ramp  response  is  then  the  function 
to  be  plotted. 

Recalling  from  the  analysis  the  three  basic  functions, 
Impulse  res|H>iise  m  g(t) 


As  the  first  step,  the  transformation  x-fip  is  used  In 
(9).  The  resulting  function  of  p  is* 


«(*  +  77)  -  rt  x-mroi. 


*'«P  response  m  /(l)  -  /(*  +  77)  -  cerf  (10) 

Ramp  response  as  k(l) 

"  A(*  -f  77)  «  —  f  cerf  kf—dr  (13) 
«  *  «-•  r  r 

*  0,  all  cases, 

the  problem  is  to  generalize  them  so  that  0,  the  constant 
which  is  determined  by  the  specific  case,  does  not  appear 
in  the  functions,  but  only  in  the  scales  to  which  the 
responses  are  plotted. 


p-titg-ut 

V* 


SfcO 


sSO. 


To  apply  the  normalized  impulse  response  (20)  as 
plotted  in  Fig.  2  to  a  specific  case,  the  0  is  calculated 
from  (IS)  or  (16)  using  physical  data.  The  horizontal 
scale  is  then  multiplied  by  0  and  the  vertical  scale  di¬ 
vided  by  0  to  obtain  the  impulse  response  g (*+TQ  vs  x. 


•  MM  II  II  II  II  "  J|"  'll  ‘  «• 

0 

Fig.  2— Normal!»«t  Impulse  response, 


ftW  -  -  • 

v * 

Performing  the  same  transformation  in  (10),  a  nor¬ 
malized  step  response  is  obtained. 

kt(o)  «  cerf  p  ^  0.  (21) 

To  obtain  h(x+  Tl)  vox  the  horizontal  scale  is  multiplied 
by  the  proper  0. 

Likewise,  performing  the  same  operation  on  (13),  the 
normalized  ramp  response  is  obtained. 

/tip)  -  ~  f  cerf  a/ —dp  p  fc  0  (22) 

•  'i  t'  f  p 

where  a'»a/0. 

This  represents  a  family  of  curves  (Figs.  3,  4,  and  5) 
with  a’  as  the  parameter.  Practical  utilization  of  them 
again  requires  only  a  time  scale  multiplication  of  mag¬ 
nitude  0.  Thus,  the  res|>onae  of  a  particular  piece  of 
coaxial  cable  is  obtained  for  a  series  of  ramp  inputs  with 
0-100  per  cent  rise  times  of  o'0.  For  o'-0  the  step  re- 

*  TWi  transformation  is  simple;  however  much  confusion  css  trim 
If  om  dots  sot  state  sad  visual! m  It*  probWm.  This  toparHcutSv 
true  with  impact  to  obtoising  (22).  WAppUux  H  fontetoS* 
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Fig.  3 — Norinnli/ril  ramp  rcs|K>iisc'i, 
(»(p)  -  f  call/-- dp. 

fi  ' 


Fin.  4-  Nnini.ili/i’il  lamp 

T 


W»0  "  ,  f  mil/-- 


</;>• 


Fig.  5— Normalized  ramp  reiponaea, 

'M-~,  r  ccrf  kf^-ip. 

*  r  a 

~7’ 

the  cables  was  approximated  by  five  ramp  functions, 
and  the  response  was  calculated  and  compared  with  the 
observed  response  for  each  case. 

[•'XPKRIMKNTAI,  SYSTEM 

Iri|{.  6  shows  the  cable  comparison  test  circuit  em¬ 
ploying  the  NRL  TW-10  traveling-wave  cathode-ray 
tubes  as  the  indicating  instrument.  The  TW-10  has  a 
bandwidth  well  in  excess  of  2000  me,  which  should  be 
sufficient  for  displaying  rise  times  of  the  order  of  0.1 
mgs. 


•  (OM 


sani 
M  HI 


s|m>us<‘  (.ft)  is  obtained.  The  ramps  eoiicspoudiug  to  a ’ 
larger  than  the  largest  one  plotted  aie  relatively  iimlis- 
torlcd. 

Kxi’ICKIMI'.NTAI.  VERIFICATION 

The  experimental  verification  of  the  analysis  which 
has  been  presented  reipiireil  the  use  of  an  extremely 
wide  baud  os<  illoscopc.  I'aiilities  width  weie  available 
at  the  Naval  Restart  It  l.aboraloiv  were  used  to  obtain 
the  tiansieiit  i  espouse  of  eight  pieces  of  coaxial  table’ 
Two  time  lengths  of  eat  It  of  four  Ivpes  of  cable,  namely, 
Rt*.  H  l',  KC.  .S8/At!,(*,eneral  Radio  87 l.\2,  aii.l  ’  in,  h- 
di.itneler  Slyiolle.w  weic  tested.  The  signal  applied  to 

'  See  Acknowledgment. 


mi  mc'ui 
ISO  M  IO^« 


!0!  n  -*: 


~,isr.n  I — r—1 
T,s]--  [  *  Ir^V* 

Fig-  6  *  Cildc  compirium  test  circuit. 


The  test  |)tilse  was  generated  by  a  mercury  contact 
i flay  pulscr  giving  a  60-volt  pulse,  45  mps  wide  and 
having  a  rise  time  of  0.25  mps.  Some  signal  delay 
(179  nt|ts  of  {-inch  Styroflcx)  was  required  to  allow  time 
for  operation  of  the  sweep  and  intcusifier  circuits  of  the 
1 1 1  I  hc  pulse  observed  at  the  end  of  the  179-m>*»  delay 
was  called  the  standard  pulse.  Cable  test  sections  of 
either  150  or  250  m/rs  were  added,  and  the  response 


♦  r 


*  • 


4  «. 


mi 
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of  the  added  sections  to  the  standard  pulse,  at  well  as 
the  standard  pulse  itself,  were  recorded  photographi¬ 
cally.  Time  reference  was  added  to  each  photograph  by 
applying  a  1000-mc  sine  wave  to  the  ert  and  taking 
double  exposures. 

Analysis  or  Data 

Data  was  taken  from  the  photographs  using  the  sine 
wave  as  the  time  reference  and  the  maximum  amplitude 
of  the  standard  pulse  as  the  amplitude  reference. 

The  rise  of  the  standard  pulse  (Fig.  7)  was  npprox- 


F%.  y— Standard  puto  and  linear  approximation. 


imnted  by  five  straight  line-segments  ns  specified  in  the 
following  Table  (, 


segment,  were  calculated  from  the  general  curvet  In 
Figs.  3,  4,  and  S. 

The  general  curves  consider  ramp  responses  for  ramps 
of  amplit utle  unity;  therefore,  It  was  necessary  to  cor¬ 
rect  the  amplitudes  as  listed  in  Table  I.  Points  (in  time) 
for  calculation  were  preselected  so  that  when  the  ramp 
res|K>nses  were  shifted  according  to  the  correct  /*  (listed 
in  Table  I)  addition  of  ordinates  would  give  the  re- 
s|K>nsc  to  the  standard  pulse.  The  calculated  responses 
as  compared  to  the  observed  responses  are  given  in 
Figs.  8-11  (next  page). 

!n  all  cases  no  attempt  was  made  to  keep  track  of  the 
sero  time  position  of  the  transients.  No  information  as 
to  the  time  at  which  the  transient  first  departed  from 
sero  amplitude  after  passing  through  a  test  section  with 
respect  to  the  time  at  which  the  transient  "entered”  the 
test  section  could  be  obtained.  This  difficulty  is  the 
same  ns  is  always  met  in  relating  physical  transient  data 
to  mathematical  prediction.  The  mathematician  can 
define  exactly  a  time  licfore  which  the  system  is  quies¬ 
cent.  However,  the  engineer  must  deline  the  beginning 
of  a  transient  as  the  time  at  which  the  waveform  reaches 
same  measurable  value. 

For  comparison  of  calculation  and  observation, 
therefore,  the  curves  were  shifted  in  time  relative  to 
each  other  so  the  leading  edges  most  nearly  coincided  at 
the  region  of  steepest  slope. 

Experimental  Results  and  Departures 
FROM  THKORY 

From  the  comparisons  of  Figs.  8.-t  I,  one  may  conclude 
that  in  the  coaxial  cables  considered  the  major.cause  of 
distortion  of  fact  rise  time  transients  is  the  skin  effect. 
Each  type  of  cable  seems  to  have  its  own  characteristic 
departure  from  the  predicted  response.  During  this 
study  the  causes  of  some  of  the  departure  has  become 
apparent. 

First,  the  analysis  involves  an  approximation  in  tak¬ 
ing  the  inverse  transform  of  the  transfer  function  ns 


Line  Segment 


TABLE  I 

Analysis  or  Standaxd  Pui.sr 


End  Points  of  Segments 
(10~*  second,  Amplitude) 


(0..W,  0);  (0.68,  0.2.1) 
(0.68,  0.3.8);  (0.91 , 0.805) 
(0.9t,  0.805);  (I.t2,  1 .03) 
(t -12,  1 .03);  ft .34,  0.92) 
(1 .34,  0  92);  (5.00,  1. 00) 


Amplitude 


0..U0 
0.5.15 
0.165 
-0. 1  to 
0.080 


0-100  Per  ant  Rise 
Time 


O..MXI0'*  second 
0.2.1 
0.21 
0.22 
.1.66 


0.. 14X10  *  second 
0.57 
0.78 
1.00 


The  approximation  to  the  standard  pttl.se  is  then  a 
succession  of  ramp  functions  having  rise  times  ami 
amplitudes  as  *|>crificd  altove  ami  each  starting  at  the 
appropriate  f». 

The  /J  and  appropriate  values  for  «'  for  each  case  were 
calculated  from  (16)  am!  a'  -a/fl  (see  (22)).  ('  onsideriug 
now  each  example  (i.e.,  ISO-mps  delay  of  {-inch  Styro- 
flex),  five  ramp  rcxitoiixes,  one  for  each  approximation 


expressed  in  the  validity  constant  A  (7).  The  A  for  each 
case  is  indicated  on  the  graphs  (Figs.  8-11).  A*  yet  no 
quantitative  measure  has  Item  developed  to  determine 
limits  of  error  due  to  a  particular  value  of  A.  However, 
the  values  of  A  in  the  examples  considered  arc  (relieved 
to  l>c  sufficiently  small  as  to  cause  negligible  error  in  the 
time  range  (dotted.  One  may  note  that  in  the  propaga¬ 
tion  constant  y(p)  (6)  the  first  term  ignored  is  a  con- 
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Fir  I— Reaponae  of  RG— 58  A/u;  >1(100  me)  -00.56. 

(a)  150  mp*  of  cable — 6— 4.50X10-'*  aecond. 

(b)  250  nift*  of  cable— 6-1.25X10  ' aecond. 


Fig.  10— Re* pon*e  of  KG — 8/u.  A  (100  me)— 0.0024. 

(a)  150  m/ja  of  cable — ft— 8. 14X10*“  aecond. 

(b)  250  m*a  of  cable— 6-2. 26X10-“  aecond. 


Fig.  9 — Reaponae  of  GR  874 A 2.  A  (100  me)  -0.0027. 

(a)  ISO  nip*  of  cable — ft- 1.02 X  1C"1*  aecond. 

(b)  250  m<«  o!  c.ibl*— 6-2.83X10-’*  aecond. 


Fig.  II— Respenae  of  2  inch  Slyroflex.  A (100  me) -0.00057. 

(a)  150  m im  of  cable—  6-4.57  X  10~ >»  aecond. 

(b)  250  mpa  of  cable— ft-  1.27X10-“  aecond. 
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slant  ip*  term)  which  add*  nothing  to  the  distortion 
and  only  insignificantly  affects  the  amplitude. 

The  analysis  assumes  n  law  for  the  variation  of 
attenuation  with  frequency  [see  (3)  mid  (4)].  This  ia 
very  nearly  true  for  Styroflex  cable.  However,  ether 
cables  have  a  somewhat  greater  exponent,  GR-874  being 
as  high  as  9.6.  A  more  elaborate  analysis  Using  f ", 
02»«5!0.5,  has  been  made;  however  its  usc/ulness  is 
questionable  since  it  cannot  las  directly  related  to  the 
tea)  physical  problem.  A  realistic  approach  is  io  search 
for  a  second  distorting  factor  such  as  dielectric  loss 
which  in  this  study  was  assumed  to  Im>  negligible. 
Dielectric  loss  should  be  greater  for  GR-874  and  other 
polyethylene  dielectric  cables  than  for  Styroflex,  al¬ 
though  still  it  should  not  be  the  major  distorting  mecha¬ 
nism.  Work  on  this  phase  of  the  problem  is  continuing. 

Useful  engineering  result-'  may  be  obtained  even 
though  the/*1  law  is  not  followed  exactly  by  the  cable, 
The  choice  of  the  frequency  at  which  0  is  evaluated  (16) 
than  becomes  im|>orl»ot.  The  frequency  chosen  in  this 
study  was /«-»  1000  me  liecausc  the  conqioiients  of  most 
imiMirtnnic  were  in  the  region  of  1000  me  (considering 
a  logarithmic  frequency  scale). 

The  bandwidth  of  the  TW-10  was  considered  to  be 
sufficient  not  to  distort  appreciably  the  response.  The 
10  90  |M-r  cent  rise  lime  of  the  standard  pulse  is  0.5  nt/is. 
Approximately  700  900  me  of  bandwidth  (to  the  3-db 
points)  is  needed  to  |mss  such  a  rise.  The  designers  of 
the  TW-10  oHcillosco|H-  system  have  established  that 
the  3-db  point  of  the  deflection  structure  is  well  in 
excess  of  2000  me  although  undetailed  data  of  deflection 
as  a  function  of  frequency  is  available.  The  ringing 
which  is  evident  in  some  of  the  res|Mmserf  is  probably  due 
to  the  slight  iuqiedance  discontinuities  in  the  system. 

Another  |x/ssil>le  source  of  eiror  is  in  the  noifliucmity 
of  the  ert  deflection  as  a  function  of  input  amplitude. 
Checking  this  |tossibility  showed  that  the  crl  deflection 
was  within  approximately  2  |>er  cent  of  being  linear.  A 
slight  curvature  of  the  field  of  view  (sometimes  called 
"pin-cushion  effect")  made  transcription  of  amplitude 
data  difficult  for  time  values  of  3  to  5  nips  after  the  lie* 
ginning  of  each  res|Kmse.  Krrora  of  up  to  4  |>cr  cent 
(positive)  may  arise  from  this  cause. 

The  RG-8  flexible  ronnci  tion  lx- tween  the  ’I  vV-10 
and  the  waveform  to  he  observed  (not  explicitly  shown 
in  Fig.  6)  docs  inlrodmc  appreciable  distortion  in  the 
ert  display;  however,  it  does  not  invalidate  ihe  tech¬ 
nique  used  to  che«  k  the  analysis. 

Referring  to  l-'ig.  6,  let  the  waveform  entering  the  lest 
section  In-  represented  by  F\{p)*  l.et  the  transfer  func¬ 
tion  of  Ihe  15-mps  RG-8  connecting  cable  lie  Ct(p),  Also 
let  E)'(p)  teprcscnl  tin;  waveform  observed  on  the  CRT 
(the  st.imf.iid  pulse)  when  the  lest  section  is  not  in- 
cl.uled.  Then,  Flip)  =* Ftip)Ci[p).  Now  let  Clip)  lie  the 
Ir.insfei  function  of  the  lest  section  of  cable.  Then, 

*  'I  I icm’  t'X|drv<i(Hi*  .tie  given  in  <  <xii|(icx  viuiithie  form  a*  l.i|4,ur 
Inm-furim  of  Its.-  time  fimrtioiM. 


Fi(p)  which  represents  the  waveform  observed  on  the 
CRT  when  the  test  section  is  included  is  given  by 

Flip)  -  Fiip)Gtip)Giip) 

-  FsipMptftip)  -  F,'ip)Gip) 

since  transfer  functions  of  passive  networks  are  com¬ 
mutative. 

In  words,  what  this  means  is  that  the  distorting  ele¬ 
ment,  Clip)  having  been  present  both  in  observation  of 
the  input  ami  output  of  the  test  section  allows  Isolation 
of  the  characteristics  of  the  test  section  alone.  This  Is  the 
basis  for  all  comparison  type  measurement  techniques. 
For  accuracy,  the  distortion  due  to  Ct(p)  must  be  of  the 
same  order  of  magnitude  or  preferably  less  than  that 
due  to  Ci(p).  U  is  less  in  all  cases. 

Conclusion 

The  analysis  as  described  is  a  first  order  theory  for 
the  transient  resixmse  of  coaxial  cables.  As  presented, 
it  is  useful  in  engineering  problems  involving  milli¬ 
microsecond  transients,  however,  later  refinements  In 
Ihe  theory  may  |M:rmit  greater  accuinry  for  cables  In 
which  dielectric  loss  is  an  appreciable  factor. 

Ammiux  I 

The  following  identity  was  useful  in  the  analysis. 

/It)  *»  J  r  iltff,,dr  =••  cerf  • 

It  may  lie  verified  hy  using  l.u|duce  Transformation 
o|H.-rational  theorems.'  Ix-ltiug  /.'indicate  the  o|H-ratiou 
of  taking  the  I -a  place  Transform  ami  the  inverse, 

/.{/(.t)|  -  X-  y  „  X  t  wii 

l(x)  ~  /.-•/,[/(*)  j  =•  e  -  corf  |/ 

This  inverse  hns  l>een  listed,' 

Since  a  function  which  is  ex|>re*«cd  as  a  definite  in¬ 
tegral  with  a  variable  hi  the  limits  is  a  function  only  of 
the  limits,  then 

!{x  -  a)  ■=  J  ^  T~vte.~fl*dr  **  cerf  ~ — • 

Aitbnixx  II  - 

The  iionnali/ntioii  of  (9),  (10),  ami  (13)  to  obtain 
(19),  (/I),  and  (22)  is  |N-rformcd  as  follow-s.  Consider 
first  (9)  ami  (10). 

g(x  +  77)  -  j/~-  x  J6  0  (9) 

h(x  -I-  77/  «  cerf  *  Si  0.  (10) 

•  C.\  K.  VVylir,  ‘‘Atlvamnl  IcHtiMerritw  Malk-tiulk:*,*  McGraw- 
Hill  Honk  In.,  Inr.,  New  Visk,  N.  V.;  IvSI. 
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Let  X“ftp 

Hiftp  +  Tl)  -  (ft,)-'"*-'"  - 

*(/Jp+7’l)  -cerf  |/-~- 

As  written  above,  the  functions  g  and  h  are  stilt  plotted 
on  the  x  time  scale  although  x  docs  not  appeur  in  the  ex¬ 
pressions.  Changing  the  time  scale  to  the  dimensionless 
p  ( ft  has  the  dimensions  of  time)  new  functions  fi(p)  and 


ht(p)  are  obtained. 

‘M-  W5- 

pfe  o 

(19) 

A#(p)  -  cerf  y  -~ 

pfcO. 

(21) 

For  (dotting,  (19)  is  changed  lo 

p-»/«e-l/0 

ftM  “ 

V«r 

p  s!  0. 

(20) 

Note  that  in  the  transformation  (he  sha|>e  of 

the 

functions  were  preserved,  aijd  in  order  to  plot  the  func¬ 
tion*  g(x+TI)  and  h(x+TI)  for  any  particular  physical 
case  the  horizontal  scale  is  altered  iiy  the  factor  ft  for 
that  case.  In  (20)  the  vertical  scale  must  also  In;  altered 
by  the  factor  0. 

Considering  (13),  more  care  must  be  used  in  the 
change  of  time  scales. 

f(x  +  Tl)  -  f  '  ccrf  J~  Jr  *  £  0.  (13) 

it  J V  r 

In  I  lie*  above,  change  the  scale  on  the  dummy  variable 


by  the  substitution  l  “‘ftp.  A  corresponding  change  of 
scale  must  be  made  in  the  limits  by  dividing  by  ft 

1  f  •>*  /T 

/(*  +  Tl)  -  —  I  cerf  a/—  ftdp. 
a  J  (»-•>/!  f  p 

The  (unction  is  now  set  up  for  normalisation  by 
letting  xaftp  and  plotting  the  resulting  function 
Mp)mJ(ftp+Tl)  vs  p 

ft  rh"  /T 

f» (p)  -  j\ftP  +  Tl)  -  -  I  cerf  A/~  dp. 
Finally,  letting  a' -a/ ft, 

f*(p)  m  ~,f  cctf  &  P  &  (22) 
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CORRECTION 

The  editors  wish  to  point  out  the  following  correction 
to  "SSB  Performance  as  a  Function  of  Carrier  Strength,* 
by  William  L.  Firestone,  which  appeared  on  pages  1839- 
1848  of  the  December,  1956  isnue  of  Proceedings.  On 
page  1843,  the  illustrations  in  the  first  column  identified 
ns  Fig.  10  and  Fig.  11  should  be  transposed. 
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USE  OF  AN  X-Y  RECORLFR  WITH  A  SAMPLING  OSCILLOSCOPE 

Abstract: 

A  method  has  been  described  for  using  an  X-Y  recorder 
to  record  waveforms  having  both  low  and  high  repetition  rates. 
Pictorial  and  graphical  recordings  were  made  and  limiting 
sweep  rates  established  for  accurate  graphical  recording  of 
waveforms  having  repetition  rates  in  the  order  of  100  cps 
(assuming  the  use  of  the  specified  equipment).  It  was  also 
shown  experimentally  that  the  inertia  of  the  X-Y  recorder  was 
sufficient  to  integrate  waveforms  having  a  repetition  rate  of 
over  10  megacycles  per  second.  Finally  a  300  megacycle  sine 
wave  is  recorded  and  a  statement  is  made  about  observation  of 
waveforms  having  higher  repetition  rates* 

I.  Introduction: 

During  a  recent  investigation  into  the  transient  properties 
of  strip  transmission  line,  it  became  desirable  to  use  an  X-Y 
recorder  to  record  graphically  a  fast  rise  time  pulse  before  and 
after  passing  through  a  length  of  strip  transmission  line. 
Considerable  difficulty  was  encountered  in  actually  implementing 
the  recording  of  these  pulses.  Since  interest  has  been  shown  in 
the  solution  of  this  problem  it  was  felt  that  the  problem  and  its 
solution  should  be  reported. 
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XI  Statement  of  the  Problem: 

Any  X-Y  recorder  has  two  independent  inputs,  one  for  the  X 
axis,  the  other  for  the  Y  axis.  If  it  is  desired  to  plot  voltage 
vs.  time,  a  linear  sawtooth  is  placed  on  the  X  axis  and  the  voltage 
of  interest  is  placed  on  the  Y  axis.  These  voltages  must  of  course 
be  of  sufficient  amplitude  to  drive  the  vertical  and  horizontal 
amplifiers  of  the  recorder  and  must  vary  slowly  enough  so  that  the 
recorder  can  follow  them.  The  recorder  used  was  a  Mosely  Autograph 
X-Y  Recorder,  which  has  a  basic  sensitivity  of  5  millivolts  for  full 
scale  deflection  both  on  the  X  and  Y  axis.  Through  the  use  of  step 
attenuators,  this  sensitivity  can  be  reduced  to  100  volts  for  full 
scale  deflection.  Both  X  and  Y  axes  require  a  minimum  of  one  second 
for  full  scale  travel.  These  figures  are  felt  to  be  representative  of 
most  commercially  available  X-Y  recorders. 

Now  that  the  signal  requirements  have  been  specified,  let  us  see 
how  these  requirements  were  met.  The  linear  sawtooth  required  for 
the  X  axis  deflection  was  easily  obtained  from  the  Tektronix  5^5 
Oscilloscope  by  setting  the  sweep  on  100  milliseconds  per  centimeter 
or  slower  and  taking  the  output  from  the  "Sawtooth  -  Main  Sweep"  terminals. 
This  voltage  has  a  peak  value  of  150  volts  whereas  the  maximum  voltage 
the  recorder  will  take  is  100  volts.  This  problem  was  easily  solved 
through  the  use  of  a  one  megohm  potentiometer  as  a  voltage  divider. 

The  axis  zero  is  set  through  the  use  of  a  zeroing  control  on  the 
recorder  and  the  maximum  deflection  was  set  by  varying  the  setting  of 
the  one  megohm  potentiometer. 
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The  voltage  requirements  for  the  Y  axis  were  not  so  easily  met 
as  those  of  the  X  axis.  The  principle  waveform  of  interest  was  a 
pulse  i laving  a' rise  time  of  0.lj>  nanosecond  and  a  pulse  length  of 
50  nanoseconds.  Clearly  a  recorder  requiring  a  full  second  for 
full  scale  deflection  cannot  respond  to  a  rise  time  of  0.5  nano¬ 
second!  How  then  are  we  to  meet  the  requirements  of  the  recorder 
for  the  Y  axis  deflection?  The  answer  to  this  problem  lies  in  the 
use  of  at.  oscilloscope  sampling  attachment,  whose  operation  will  be 
described  below. 

The  output  of  the  sampling  attachment  is  a  series  of  negative 

1 

pulses  which  are  amplitude  modulated  to  correspond  to  the  shape  of  the 
waveform  under  observation.  The  sweeping  rate  is  set  by  the  attach- 

t 

meat  and  not  by  the  sawtooth  from  the  oscilloscope.  Sweep  speed  is 
a  function  of  the  slope  of  the  sawtooth  but  not  of  the  repetition 
rate.  To  provide  a  slowly  varying  voltage  for  the  recorder  input,  the 
peaks  of  the  negative  pulses  must  be  integrated.  If  the  number  of 
pu.lse3  per  unit  time  is  great  enough,  the  inertia  of  the  recorder 
will  provide  the  desired  integration.  Since  there  is  one  pulse  for 
each  cycle  of  the  input  waveform,  a  high  pulse  rate  depends  on  a  high 
repetition  rate.  For  low  repetition  rates,  an  integrating  network  is 
required.  Fast  rise  time  pulses  such  as  the  output  from  the  SKL  Pulse 
Generator  have  low  repetition  rates  of  the  order  of  100  cycles  per 
second.  Fcr  such  pulseB  an  integrating  network  will  be  required.  It 
will  be  shown  below  that  since  the  slowest  sweep  rate  of  the  sampling 
unit  used  (Lumatron  Model  222)  was  100  nanoseconds  for  full  scale 
deflection  (assuming  that  it  is  desirable  to  see  at  2  east  one  cycle 
of  the  waveform),  a  minimum  repetition  rate  of  10  megacycles  is  of 
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interest.  For  this  frequency  the  inertia  of  the  recorder  will 

integrate  the  negative  pulses  quite  satisfactorily.  , 

III  Operation  of  the  Sampling  Oscilloscope; 

The  sampling  attachment  used  was  the  Lumatron  Model  221. 

The  principles  of  operation  described  below  as  well  as  Fig.  1 
are  taken  from  the  specification  sheet  for  this  unit.  "The 
sampling  unit  produces  a  very  narrow  strobe  pulse  which  samples 
the  signal  wave  form  under  investigation.  The  sum  of  the 
sampling  pulse  and  the  instantaneous  level  of  the  signal  at  the 
moment  of  sampling  is  applied  to  the  sampling  diode.  The  output 
of  the  sampling  diode  is  a  narrow  pulse,  which  varies  in  amplitude 
in  proportion  to  the  signal  at  the  instant  of  sampling.  This  voltage 
is  amplified  in  a  linear  amplifier  of  only  moderate  band  width, 
stretched  and  applied  to  the  vertical  plates  of  the  oscilloscope. 

Therefore,  vertical  deflection  at  any  instant  is  proportional  the 
amplitude  of  signal  at  the  instant  of  the  strobing.  In  order  to  take 
successive  samples  of  the  signal,  the  moment  of  sampling  is  advanced 
progressively,  relative  to  the  start  of  the  signal.  This  is  done 
by  a  fa3t  ramp  which  is  started  by  a  trigger  signal.  When  the  ramp 
reaches  a  preset  voltage,  it  fires  an  avalanche  transistor.  The 
instant  of  firing  is  delayed  by  a  slowly  increasing  voltage  on  which 
the  fast  ramp  rides.  The  slow  ramp  provides  reset  of  the  sweep  to 
zero,  so  that  the  sampling  process  may  be  repeated.  The  slow  ramp  is 
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derived  from  the  oscilloscope  sweep  sawtooth  output. 
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Fig.  I.  BLOCK  DIAGRAM  MODEL  222  SAMPLING  UNIT 

« 

It  should  be  noted  chut  the  s.ppurent  sweep  speed  of  the  suupllng 
..ueiiioucope  is  only  a  function  of  the  slope  of  the  raiiip,  and  not  of 
the  actual  sweep  speed  of  the  oscilJ  uscope . 

The  K-^del  223T  sync  tricier  circuit  locks  to  very  hiijh  rep 
rate  signal  pulses  to  provide  u  ljO  kc  output  to  tri&jer  the  oeunpling 
unit" . 
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IV  Recording  of  Waveforms  having  low  repetition  rates; 

As  mentioned  above,  fast  rise  time  pulses  normally  have  low 
repetition  rates.  The  repetition  rate  of  the  Model  305  SKL  Pulse 
Generator  for  Instance  is  continuously  variable  up  to  about  150  cps. 

Since  one  negative  amplitude  modulated  spike  is  produced  for  each 
cycle  of  the  input  waveform,  it  can  be  seen  that  even  at  slow  sweep 
speeds,  the  number  of  spikes  per  sweep  will  be  relatively  small. 

Since  a  slowly  varying  voltage  is  required  to  drive  the  Y  axis  of 
the  X-Y  recorder,  it  is  necessary  to  integrate  these  negative  spikes. 

Of  course  an  integrating  network  could  be  built  to  do  the  job, 
but  it  would  certainly  be  more  attractive  to  be  able  to  use  a 
commercially  available  instrument.  Such  an  instrument  is  a  peak 
reading  voltmeter.  A  peal:  reading  volt  meter  incorporates  circuitry 
that  responds  quite  rapidly  to  fast  rising  positive  or  negative  pulses 
but  whose  response  decays  slowly  in  order  to  hold  the  peak  value  of 
the  vaveform  between  pulses.  This  rise  and  fall  time  of  the  circuitry 
will  vary  with  the  meter  used.  For  purposes  of  this  work  a  Ballantine 
Model  305  peak  reading  voltmeter  was  used  and  the  minimum  rise  and 
fall  times  were  determined  experimentally.  The  test  setup  is  shown 
as  Figure  2. 

Using  the  experimental  setup  shown  in  Figure  2,  the  rise  and 
fall  times  of  an  output  pulse  from  the  SKL  Pulse  generator  were  observed. 
The  results  were  recorded  both  photographically  and  graphically  for 
comparison  purposes  and  are  shown  as  Figures  3-6.  Several  comments 
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Fig.  2.  BLOCK  DIAGRAM  OF  TEST  SETUP  FOR  GRAPHICALLY  RECORDING 
LOW  REPETITION  RATE  SIGNALS 
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c.  Vertical: 
Horizontal:  2  x  10 
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FIGURE  3 


Photographic  record  of  Pulse  Rise  Tiroes 
for  varying  time  scales 
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FIGURE  5 

Photographic  record  of  Pulse  Fall  Times 
for  varying  time  scales 
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regarding  the  pictures  and  graphs  should  be  made.  First,  the  waveform 
as  observed  on  the  oscilloscope  is  usually  thought  of  as  a  series  of 
dots.  The  continuous  trace  shown  in  the  pictures  was  produced  by  the 
100  millisecond/cm  sweep  and  taking  a  time  exposure  with  the  camera. 

For  the  graphic  recording,  a  sweep  of  twelve  seconds  per  centimeter 
was  used  to  allow  for  the  time  constants  of  the  peak  reading  voltmeter. 
Sweep  calibration  showed  the  sweep  to  actually  take  170  seconds  rather 
than  the  120  seconds  expected. 

It  was  stated  above  that  the  peak  reading  voltmeter  will  follow 
quite  well  a  voltage  swinging  from  ground  to  a  plus  or  minus  value  but 
it  will  not  follow  as  well  as  voltage  swinging  from  a  plus  or  minus  value 
to  ground.  The  voltage  swinging  from  ground  to  a  negative  value 
corresponds  to  the  fall  time  of  the  SKL  Pulse.  Comparison  of  the  fall 
times  shown  by  the  photographs  and  the  graphs  shows  good  correlation 
for  all  sweep  rates.  We  may  therefore  conclude  by  a  simple  calculation 
ohat  if  14  seconds  are  allowed  for  full  scale  vertical  deflection, 
pulse  fall  time  as  shown  by  the  recorder  can  be  expected  to  agree  with 
the  value  shown  by  the  oscilloscope.  If  the  pulse  rise  time  is  compared 
in  a  similar  manner,  it  is  found  that  disagreement  between  picture  and 
graph  rise  times  begins  with  Figures  5c  and  6c.  For  this  sweeping  rate, 
the  time  constants  of  the  peak  reading  voltmeter  do  not  allow  the  re¬ 
corder  to  follow  the  pulse  rise  time  correctly.  If  the  sweeping  rate 
shown  by  Figure  5b  and  6b  is  taken  as  the  maximum  allowable  a  simple 
calculation  shows  that  50  seconds  should  be  allowed  for  full  scale 
vertical  deflection  of  the  recorder  in  order  to  obtain,  agreement  between 
oscilloscope  and  recorder. 
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V.  Recording  of  Waveforms  having  Hlffh  repetition  rates: 

its  previously  stated,  for  higher  repetition  rate3,  the  inertia 
of  the  recorder  serves  to  integrate  the  pulse  without  the  use  of 
the  peak  reading  voltmeter*  If  it  is  desired  to  see  at  least  one 
cycle  of  the  waveform,  then  the  lowest  frequency  of  interest  will 
be  10  megacycles  since  the  slowest  sweep  rate,  as  determined  by 
the  sampling  attachment,  is  10  nanoseconds  per  centimeter.  If  the 
connections  marked  "X"  in  Figure  2  are  broken  and  the  dotted  wiring 
inserted,  the  equipment  will  be  set  up  for  high  frequency  waveforms. 
Essentially  all  that  is  done  is  to  by-pass  the  peal;:  reading  voltmeter. 
Figure  7  shows  pictorial  recordings  of  10  and  300  megacycle  sine  waves 
while  Figure  8  shows  graphical  recordings  of  the  same  two  vaves. 
Examination  of  these  figures  shows  good  correlation.  Three  hundred 
megacycles  is  the  upper  l'requen  limit  of  the  Lumutron  Sampling 
Attachment.  It  is  felt  that  if  soioe  type  of  count  down  unit  could  be 
used,  much  higher  frequencies  could  be  recorded. 
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a.  10  megacycle  sine  wave 
Vertical:  2v/cm 
Horizontal:  10  x  10“^  sec/cm 


b.  300  megacycle  sine  wave 
Vertical:  2v/in 
Horizontal:  1  x  10“^  sec/cm 


FIGURE)  7 

Photographic  Record 
of  10  me  and  300  roc  sine  waves 
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APPENDIX  IX 


PROPERTIES  OF  MATERIAL.  MEASUREMENT  RESUITS, 

CALCULATION  OF  LINE  PARAMETERS 

Nominal  values  for  the  Stripline  delay  lines  are  as  follows: 

Item  Line  A  Line  B 


Dielectric  Material 
Dielectric  Constant  (meas.) 
Dielectric  Loss  Tangent  (adv.) 
Dielectric  Loss  Tangent  (calc.) 
Ground  Plane  Spacing,  b  ( meas . ) 
Copper  Thickness,  t  (meas.) 
Characteristic  Impedance,  Rq 
Strip  Width,  w  (calc.) 

Length  (calc,  from  spiral  design) 
Total  Delay  (calc.) 

Delay/unit  length,  T  (calc.) 
Inductance/unit  length,  Lw  (calc.) 
Capacltance/unlt  length,  C  (calc.) 
Value  of  the  convergence  factor, 

K j/Z  nf  L  at  10  Me  (For  accuracy 

1  C  oft 

this  should  be  «  1.) 

(v  at  1  Kmc  ( calc .  from  roeas . ) 
c 

a  at  1  Kmc  (calc,  from  curves) 

0 

9  (calc,  from  meas.) 

Kq  (calc,  from  meas.) 


Glass  -Teflon 

Glass  -Epoxy  Resin 

2.73 

5.27 

0.003 

0.03 

0.00256 

0.0133 

0.113  in. 

0.116  in. 

0.003  in. 

0.003  in. 

50  ohms 

50  ohms 

0.070  in. 

0.35  in. 

7.40  m.,24.3  ft. 

3.68  m.,12,1  ft. 

4.15xlQ*9  sec. 

28. 2x10  sec. 

5 *59x10 sec. 

7.65xl0”9sec. 

270x10 "^h/m 

382x10 h/m 

112x"12  f/m 

153x10 ”12  f/m 

2. 18x10 "2 

5.l4xlO"2 

0.0716  db/ft. 

0.232  db/ft. 

0.113  db/ft. 

O.185  db/ft. 

0  0,  ,«-12 

3.21x10  sec. 

8.29xl0‘12  sec. 

5* 23x10 “n  sec. 

1.88xlO"10  sec. 
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